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Abstract
In this paper, we present a new method for finding identities for hyper-
geoemtric series, such as the (Gauss) hypergeometric series, the generalized
hypergeometric series and the Appell-Lauricella hypergeometric series. Fur-
thermore, using this method, we get identities for the hypergeometric series
F (a, b; c;x); we show that values of F (a, b; c;x) at some points x can be ex-
pressed in terms of gamma functions, together with certain elementary func-
tions. We tabulate the values of F (a, b; c;x) that can be obtained with this
method. We find that this set includes almost all previously known values
and many previously unknown values.
Key Words and Phrases: hypergeometric series, three term relation, spe-
cial value, solving polynomial systems.
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2
1 Introduction
The series
F (a;−; x) :=
∞∑
n=0
(a, n)
(1, n)
xn,
where (a, n) := Γ(a+ n)/Γ(a), can be expressed as
F (a;−; x) = (1− x)−a (|x| < 1). (1.1)
This identity (1.1) is called the binomial theorem. The binomial theorem (1.1) has
many applications. For example, because
F
(
1
2
;−; 1
50
)
=
5
√
2
7
from (1.1), we can perform numerical calculation of
√
2 effectively (cf. 292 page in
Chapter 4 in Part II of [Eu]):
√
2 =
7
5
{
1 +
1
100
+
1 · 3
2!
(
1
100
)2
+
1 · 3 · 5
3!
(
1
100
)3
+ · · ·
}
.
Using (1.1) like this, we are able to do numerical calculations of algebraic numbers.
Moreover, we obtain, for non-negative integer k,
F (−k;−;−1) =
k∑
n=0
(
k
n
)
= 2k.
Thus, we can obtain combinatorial identities from (1.1). As seen above, the bino-
mial theorem is very useful. Analogically, if hypergeometric series which are gen-
eralizations of F (a;−; x) can be expressed in terms of well-known functions, then
it is expected that those hypergeometric identities have many applications. Indeed,
transcendental numbers are expressed in term of hypergeometric series as we see
later. Further, it is known that most of combinatorial identities appearing in [Goul]
are special cases of those identities (cf. [An]).
That is why many methods for obtaining hypergeometric identities have been
constructed. In particular, in the last several decades, many methods that exploit
progress in computer technology have been formulated: Gosper’s algorithm, the W-
Z method, Zeilberger’s algorithm, etc. (cf. [Ko] and [PWZ]). These algorithms have
been used to obtain and prove hypergeometric identities. In this article, we present a
new method for finding identities for hypergeoemtric series, such as the (Gauss) hy-
pergeometric series, the generalized hypergeometric series and the Appell-Lauricella
hypergeometric series. Moreover, as an example of the application of this method,
we give identities for the hypergeometric series; we see that values of the hypergeo-
metric series at some arguments can be expressed in terms of gamma functions, to-
gether with certain elementary functions. Because our method systematically yields
almost all known identities of this type besides many new identities, for complete-
ness, we tabulate the entire set. In the appendix of this paper, we also make use of
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our method to have some hypergeometric identities for generalized hypergeometric
series and Appell-Lauricella hypergeometric series. In particular, hypergeometric
identities for latter series have never been obtained. The reason comes from the
fact that it is difficult to apply known methods directly to Appell-Lauricella hy-
pergeometric series because these are multiple series. Therefore, our method will
become a powerful tool for investigating hypergeometric identities for many kinds
of hypergeometric series, especially for Appell-Lauricella hypergeometric series.
Now, we present a new method for finding identities for hypergeoemtric series.
To begin with, we give a proof of the binomial theorem (1.1), which is the model of
our method. Put ∂ := d
dx
. Recalling that x∂xn = nxn, we see
(x∂ + a)F (a;−; x) =
∞∑
n=0
(a, n)
(1, n)
(x∂ + a)xn =
∞∑
n=0
(a, n)
(1, n)
(n+ a)xn
=
∞∑
n=0
a(a+ 1, n)
(1, n)
xn = aF (a+ 1;−; x).
We also get
∂F (a;−; x) =
∞∑
n=1
(a, n)
(1, n)
nxn−1 =
∞∑
n=0
(a, n+ 1)
(1, n)
xn
=
∞∑
n=0
a(a + 1, n)
(1, n)
xn = aF (a+ 1;−; x).
The above two formulae lead to
F (a;−; x) = (1− x)F (a+ 1;−; x). (1.2)
Thus, we find that F (a;−; x) and F (a + 1;−; x) are linearly related over rational
functions. Furthermore, we can regard (1.2) as a first order difference equation with
rational functions coefficients. Now, we solve this difference equation (1.2). Because
F (a+ n− 1;−; x) = (1− x)F (a + n;−; x)
holds for any positive integer n from (1.2), we see
F (a;−; x) = (1− x)F (a+ 1;−; x) = (1− x)2F (a+ 2;−; x) = · · ·
= (1− x)nF (a+ n;−; x). (1.3)
Substituting a = −n in (1.3), we get the following identity:
F (−n;−; x) = (1− x)nF (0;−; x) = (1− x)n. (1.4)
Since the identity (1.4) is valid for any non-negative integer n, we find that (1.4)
holds for any complex number n by virtue of Carlson’s theorem (cf. 5.3 in [Ba] or
Lemma 3.1 in this article). Thus, we get the binomial theorem. Our method for
finding hypergeometric identities is a generalization of this procedure. It is known
that several hypergeometric series with the same parameters up to additive integers
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are linearly related over rational functions. Suppose that this linear relation degen-
erates into a linear relation between two hypergeometric series under a condition,
and further, this degenerate relation can be regarded as the first order difference
equation with rational functions coefficients. Then, solving this difference equation
as we get the binomial theorem, we will obtain a hypergeometric identity. In this
paper, applying this method to the hypergeometric series
F (a, b; c; x) :=
∞∑
n=0
(a, n)(b, n)
(c, n)(1, n)
xn,
we actually obtain almost all previously known hypergeometric identities and, of
course, many new hypergeometric identities. As stated previously, we will also
make use of this method to yield some hypergeometric identities for generalized
hypergeometric series and Appell-Lauricella hypergeometric series in the appendix
of this paper.
It is known that for a given triple of integers (k, l,m) ∈ Z3, there exists a unique
pair of rational functions (Q(x), R(x)) ∈ (Q(a, b, c, x))2 satisfying
F (a+ k, b+ l; c+m; x) = Q(x)F (a + 1, b+ 1; c+ 1; x) +R(x)F (a, b; c; x), (1.5)
where Q(a, b, c, x) is the field generated over Q by a, b, c and x (cf. §1 in [Eb1]).
This relation is called the three term relation of the hypergeometric series. From
this, we obtain
F (a+ nk, b+ nl; c+ nm; x)
= Q(n)(x)F (a + (n− 1)k + 1, b+ (n− 1)l + 1; c+ (n− 1)m+ 1; x)
+R(n)(x)F (a + (n− 1)k, b+ (n− 1)l, c+ (n− 1)m; x),
where
Q(n)(x) := Q(x)|(a,b,c)→(a+(n−1)k,b+(n−1)l,c+(n−1)m),
R(n)(x) := R(x)|(a,b,c)→(a+(n−1)k,b+(n−1)l,c+(n−1)m).
Let (a, b, c, x) be a solution of the system
Q(n)(x) = 0 for n = 1, 2, 3, . . .. (1.6)
Then, for this (a, b, c, x), we have the first order difference equation
F (a, b; c; x) =
1
R(1)(x)
× F (a+ k, b+ l; c+m; x), (1.7)
or we have
F (a, b; c; x) =
1
R(1)(x)R(2)(x) · · ·R(n)(x) × F (a+ nk, b+ nl; c+ nm; x). (1.8)
Solving (1.7) or (1.8), we obtain hypergeometric identities; for example, if k 6= 0,
then by substituting a = −nk − k′, where k′ is an integer satisfying 0 ≤ k′ < |k|,
into (1.8), we find the hypergeometric identity
F (−nk − k′, b; c; x)
=
(
1
R(1)(x)R(2)(x) · · ·R(n)(x)
)∣∣∣∣
a→−nk−k′
× F (−k′, b+ nl; c + nm; x). (1.9)
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In this way, we can find values of F (a, b; c; x). In this paper, we call values of the
hypergeometric series obtained by our method special values of the hypergeometric
series. We summarize how to get special values of the hypergeometric series:
Step 1: Give (k, l,m) ∈ Z3.
Step 2: Obtain (a, b, c, x) satisfying the system (1.6).
Step 3: Solve (1.7) or (1.8).
We remark that the numerator of Q(n)(x) is a polynomial in n over Z[a, b, c, x] for
a given (k, l,m) ∈ Z3. Therefore, in order to obtain (a, b, c, x) satisfying the system
(1.6), we only have to seek the (a, b, c, x) that eliminate all of the coefficients of this
polynomial. Namely, we solve polynomial systems in a, b, c, x to implement Step 2.
The Gro¨bner basis theory is useful for this. Thus, we see that (1.8) and (1.9) are
valid for any integer n from the constitution method of (a, b, c, x) satisfying (1.6).
As an example, we give a special value for (k, l,m) = (0, 0, 1). Because the three
term relation for (k, l,m) = (0, 0, 1) is
F (a, b; c+ 1; x)
=
ab(1 − x)
(c− a)(c− b)F (a+ 1, b+ 1; c+ 1; x) +
c(c− a− b)
(c− a)(c− b)F (a, b; c; x),
we have
Q(n)(x) =
ab(1− x)
(c+ n− 1− a)(c+ n− 1− b) .
Hence, (a, b, c, x) satisfying (1.6) are (0, b, c, x), (a, 0, c, x), (a, b, c, 1). However, since
the special values in the cases that (a, b, c, x) = (0, b, c, x), (a, 0, c, x) are obvious
from the definition of F (a, b; c; x), we only consider the special value in the case
that (a, b, c, x) = (a, b, c, 1). In this case, we have the first order difference equation
F (a, b; c; 1) =
(c− a)(c− b)
c(c− a− b) F (a, b; c+ 1; 1), (1.10)
or we have
F (a, b; c; 1) =
(c− a, n)(c− b, n)
(c, n)(c− a− b, n)F (a, b; c+ n; 1) (1.11)
for any positive number n, where we assume ℜ(c−a−b) > 0 which is the convergence
condition of F (a, b; c; 1). Noticing that
lim
n→+∞
(c− a, n)(c− b, n)
(c, n)(c− a− b, n) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) ,
lim
n→+∞
F (a, b; c+ n; 1) = 1,
we obtain
F (a, b; c; 1) =
Γ (c) Γ (c− a− b)
Γ (c− a) Γ (c− b) (1.12)
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for ℜ(c− a− b) > 0. This is called the Gauss summation formula (cf. [48] in 24 of
[Ga]). Moreover, as a particular case of (1.12), we have
F (a,−n; c; 1) = (c− a, n)
(c, n)
, (1.13)
where n ∈ Z≥0. Though (1.13) has been known since the 13th century, today, this
is called the Chu-Vandermonde equality (cf. Corollary 2.2.3 in [AAR]). The special
values for other lattice points (k, l,m) are considered in Sections 3 and 4.
Remark 1.1. In [48] in 24 of [Ga], Gauss obtains (1.12) using (1.10) and (1.11)
which are got by substituting x = 1 into the relation
0 = c(c− 1− (2c− a− b− 1)x)F (a, b; c; x) + (c− a)(c− b)xF (a, b; c+ 1; x)
− c(c− 1)(1− x)F (a, b; c− 1; x).
Therefore, our method is applied by Gauss in the special case.
In the above example, we obtained the Gauss summation formula (1.12). This
is the general expression of F (a, b; c; x) at x = 1. Hence, we only have to consider
values of F (a, b; c; x) at other points. So, in Step 2, we seek (a, b, c, x) satisfying the
following: let (a, b, c) be a triple such that the number of solutions of (1.6) is finite,
and let x ( 6= 0, 1) be one of its solutions (cf. Remark 2.4). We call such a quadruple
(a, b, c, x) an admissible quadruple.
Although we need to investigate (k, l,m) ∈ Z3 for obtaining the special values of
F (a, b; c; x) as seen in Step 1, we actually only have to investigate (k, l,m) contained
in
{(k, l,m) ∈ Z3 | 0 ≤ k + l −m ≤ l − k ≤ m}. (1.14)
We close this section by giving an outline of this statement (see Section 2 for details).
The hypergeometric equation E(a, b, c) : L(a, b, c)y = 0, where
L(a, b, c) := ∂2 +
c− (a+ b+ 1)x
x(1− x) ∂ −
ab
x(1− x) ,
admits 23 hypergeometric solutions in addition to F (a, b; c; x). For each of these
solutions, there exists a relation similar to (1.8). For example, for the solution
x−aF (a, a+ 1− c; a+ 1− b; 1/x), we have
x−a−kF (a+ k, a+ 1− c+ k −m; a + 1− b+ k − l; 1/x)
=
(−1)m−k−l+1c(b, l)(a + 1− b, k − l)
b(c,m)(a+ 1− c, k −m) Q(x)x
−a−1F (a+ 1, a+ 1− c; a+ 1− b; 1/x)
+
(−1)m−k−l(b, l)(a + 1− b, k − l)
(c,m)(a+ 1− c, k −m) R(x)x
−aF (a, a+ 1− c; a+ 1− b; 1/x),
where Q(x) and R(x) appear in (1.5). Thus, because
F (a, a+ 1− c; a+ 1− b; 1/x)
=
(−1)n(m−k−l)(c, nm)(a+ 1− c, n(k −m))
(b, nl)(a + 1− b, n(k − l))
1
R(1)(x)R(2)(x) · · ·R(n)(x)
× x−nkF (a+ nk, a + 1− c+ n(k −m); a + 1− b+ n(k − l); 1/x)
(1.15)
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for an admissible quadruple (a, b, c, x), we can get special values of F (a, a + 1 −
c; a + 1 − b; 1/x) with this quadruple. The same can be done for the other 22
solutions. Thus, for the lattice point (k, l,m), we are able to obtain special values
of 24 hypergeometric series with the above quadruple.
The identity (1.15) implies that the special values of the 24 hypergeometric series
mentioned above for the lattice points (k, k −m, k − l) coincide with those for the
lattice point (k, l,m) (see Subsection 2.3 for details). In other words, (k, k−m, k−l)
is equivalent to (k, l,m) with respect to the obtained special values. In fact, this
holds generally, as all 24 lattice points represented by triples corresponding to the
24 hypergeomtric solutions are equivalent with respect to these special values. In
addition, from the relation F (a, b; c; x) = F (b, a; c; x), which implies that (k, l,m)
is equivalent to (l, k,m), it can also be shown that the 48 (= 24 · 2) lattice points
are equivalent with respect to these special values. These 48 lattice points form
the orbit of (k, l,m) under the action of the group G on Z3, where G is the group
generated by following mappings
σ1 : (k, l,m)→ (m− k, l,m), σ2 : (k, l,m)→ (k, l, k + l −m),
σ3 : (k, l,m)→ (l, k,m), σ4 : (k, l,m)→ (m− k,m− l, m),
σ5 : (k, l,m)→ (−k,−l,−m).
We remark that G = 〈σ1, σ2〉 ⋉ (〈σ3〉 × 〈σ4〉 × 〈σ5〉) = S3 ⋉ (S2 × S2 × S2), where
Sn is the symmetric group of degree n. From this, regarding these 48 lattice points
as equivalent, we can take (1.14) as a complete system of representatives of the
quotient G\Z3 of this action (see Subsection 2.3 for details). Thus, we only need
to investigate the lattice points contained in (1.14) to obtain the special values of
the hypergeometric series. In this paper, we tabulate the special values for (k, l,m)
satisfying 0 ≤ k + l −m ≤ l − k ≤ m ≤ 6.
2 Preliminaries
As stated in the previous section, for a given (k, l,m), the 24 hypergeometric solu-
tions of E(a, b, c) with an admissible quadruple (a, b, c, x) have two term relations as
(1.8) and (1.15), say degenerate relations. In this section, we list these degenerate
relations explicitly. This list will be used subsequently, when we evaluate special
values of the corresponding hypergeometric series. After presenting this list, we give
a proof that (1.14) can be taken as a complete system of representatives of G\Z3.
2.1 Contiguity operators
In this subsection, we introduce contiguity operators.
The contiguity operators of the hypergeometric series are defined as
H1(a, b, c) := ϑ+ a, B1(a, b, c) :=
1
(1− a)(c− a)(−x(1 − x)∂ + (bx+ a− c)),
H2(a, b, c) := ϑ+ b, B2(a, b, c) :=
1
(1− b)(c− b)(−x(1 − x)∂ + (ax+ b− c)),
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H3(a, b, c) :=
1
(c− a)(c− b)((1− x)∂ + c− a− b), B3(a, b, c) := ϑ+ c− 1,
where ϑ := x∂. These operators satisfy the following relations:
H1(a, b, c)F (a, b; c; x) = aF (a+ 1, b; c; x),
B1(a, b, c)F (a, b; c; x) = 1/(a− 1) · F (a− 1, b; c; x),
H2(a, b, c)F (a, b; c; x) = b F (a, b+ 1; c; x),
B2(a, b, c)F (a, b; c; x) = 1/(b− 1) · F (a, b− 1; c; x),
H3(a, b, c)F (a, b; c; x) = 1/c · F (a, b; c+ 1; x),
B3(a, b, c)F (a, b; c; x) = (c− 1)F (a, b; c− 1; x)
(cf. Theorems 2.1.1 and 2.1.3 in [IKSY]). Let H(k, l,m) be a composition of these
contiguity operators such that
H(k, l,m)F (a, b; c; x) =
(a, k)(b, l)
(c,m)
F (a+ k, b+ l; c +m; x). (2.1)
Also, H(k, l,m) can be expressed as
H(k, l,m) = p(∂)L(a, b, c) + q(x)∂ + r(x), (2.2)
where p(∂) is an element of the ring of the differential operators in x overQ(a, b, c, x),
and q(x), r(x) ∈ Q(a, b, c, x) (cf. (2.4) in [Eb1]).
2.2 Degenerate relations
In this subsection, we list degenerate relations.
Lemma 2.1. E(a, b, c) admits the following 24 hypergeometric solutions (cf. 2.9 in
[Erd]):
y1(a, b, c, x) := F (a, b; c; x)
= (1− x)c−a−bF (c− a, c− b; c; x)
= (1− x)−aF (a, c− b, c; x/(x− 1))
= (1− x)−bF (c− a, b; c; x/(x− 1)),
y2(a, b, c, x) := F (a, b; a+ b+ 1− c; 1− x)
= x1−cF (a+ 1− c, b+ 1− c; a+ b+ 1− c; 1− x)
= x−aF (a, a+ 1− c; a+ b+ 1− c; 1− x−1)
= x−bF (b+ 1− c, b; a + b+ 1− c; 1− x−1),
y3(a, b, c, x) := x
−aF (a, a+ 1− c; a+ 1− b; 1/x)
= (−1)a(−x)b−c(1− x)c−a−bF (1− b, c− b; a + 1− b; 1/x)
= (−1)a(1− x)−aF (a, c− b; a + 1− b; (1− x)−1)
= (−1)a(−x)1−c(1− x)c−a−1F (a+ 1− c, 1− b; a + 1− b; (1− x)−1),
y4(a, b, c, x) := x
−bF (b+ 1− c, b; b+ 1− a; 1/x)
= (−1)b(−x)a−c(1− x)c−a−bF (1− a, c− a; b+ 1− a; 1/x)
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= (−1)b(1− x)−bF (b, c− a; b+ 1− a; (1− x)−1)
= (−1)b(−x)1−c(1− x)c−b−1F (b+ 1− c, 1− a; b+ 1− a; (1− x)−1),
y5(a, b, c, x) := x
1−cF (a+ 1− c, b+ 1− c; 2− c; x)
= x1−c(1− x)c−a−bF (1− a, 1− b; 2− c; x)
= x1−c(1− x)c−a−1F (a+ 1− c, 1− b; 2− c; x/(x− 1))
= x1−c(1− x)c−b−1F (b+ 1− c, 1− a, 2− c; x/(x− 1)),
y6(a, b, c, x) := (1− x)c−a−bF (c− a, c− b; c+ 1− a− b; 1− x)
= x1−c(1− x)c−a−bF (1− a, 1− b; c+ 1− a− b; 1− x)
= xa−c(1− x)c−a−bF (c− a, 1− a; c+ 1− a− b; 1− x−1)
= xb−c(1− x)c−a−bF (c− b, 1− b; c + 1− a− b; 1− x−1),
In the above, we must take the appropriate branches of (−1)a and (−1)b.
We now apply both sides of (2.2) to yi (i = 1, 2, · · · , 6). First, noting the relation
∂F (a, b; c; x) =
ab
c
F (a+ 1, b+ 1; c+ 1; x),
we have
y1(a+ k, b+ l, c+m, x) =
ab(c,m)
c(a, k)(b, l)
q(x)y1(a+ 1, b+ 1, c+ 1, x)
+
(c,m)
(a, k)(b, l)
r(x)y1(a, b, c, x)
from (2.1) and (2.2). This implies that
Q(x) =
ab(c,m)
c(a, k)(b, l)
q(x), R(x) =
(c,m)
(a, k)(b, l)
r(x). (2.3)
Next, we apply both sides of (2.2) to y2. This yields
(a, k)(b, l)(c− a− b,m− k − l)
(c− a,m− k)(c− b,m− l) y2(a+ k, b+ l, c+m, x)
= − ab
a + b+ 1− cq(x)y2(a + 1, b+ 1, c+ 1, x) + r(x)y2(a, b, c, x)
(cf. (3.2) and Lemma 2.2 in [Eb1]). Combining this and (2.3), we obtain
y2(a+ k, b+ l, c +m, x)
=
c(c− a,m− k)(c− b,m− l)
(c− a− b− 1)(c− a− b,m− k − l)(c,m)Q(x)y2(a+ 1, b+ 1, c+ 1, x)
+
(c− a,m− k)(c− b,m− l)
(c− a− b,m− k − l)(c,m)R(x)y2(a, b, c, x)
Finally, applying both sides of (2.2) to yi (i = 3, 4, 5, 6), we have the following:
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Lemma 2.2. We define Q(x) and R(x) as (1.5). Then, we have
y1(a + k, b+ l, c+m, x) = Q(x)y1(a + 1, b+ 1, c+ 1, x) +R(x)y1(a, b, c, x),
y2(a + k, b+ l, c+m, x)
=
c(c− a,m− k)(c− b,m− l)
(c− a− b− 1)(c,m)(c− a− b,m− k − l)Q(x)y2(a+ 1, b+ 1, c+ 1, x)
+
(c− a,m− k)(c− b,m− l)
(c,m)(c− a− b,m− k − l)R(x)y2(a, b, c, x),
y3(a + k, b+ l, c+m, x)
=
(−1)m+1−k−lc(b, l)(a+ 1− b, k − l)
b(c,m)(a+ 1− c, k −m) Q(x)y3(a + 1, b+ 1, c+ 1, x)
+
(−1)m−k−l(b, l)(a + 1− b, k − l)
(c,m)(a+ 1− c, k −m) R(x)y3(a, b, c, x),
y4(a + k, b+ l, c+m, x)
=
(−1)m+1−k−lc(a, k)(b+ 1− a, l − k)
a(c,m)(b+ 1− c, l −m) Q(x)y4(a+ 1, b+ 1, c+ 1, x)
+
(−1)m−k−l(a, k)(b+ 1− a, l − k)
(c,m)(b+ 1− c, l −m) R(x)y4(a, b, c, x),
y5(a + k, b+ l, c+m, x)
=
c(1− c)(a, k)(b, l)(2− c,−m)
ab(c,m)(a+ 1− c, k −m)(b+ 1− c, l −m)Q(x)y5(a + 1, b+ 1, c+ 1, x)
+
(a, k)(b, l)(2− c,−m)
(c,m)(a + 1− c, k −m)(b+ 1− c, l −m)R(x)y5(a, b, c, x),
y6(a + k, b+ l, c+m, x)
=
c(a+ b− c)(a, k)(b, l)
ab(c,m)(a+ b− c, k + l −m)Q(x)y6(a + 1, b+ 1, c+ 1, x)
+
(a, k)(b, l)
(c,m)(a + b− c, k + l −m)R(x)y6(a, b, c, x).
Using Lemmas 2.1 and 2.2, we are able to obtain 24 degenerate relations. For
example, substituting y1(a, b, c, x) = (1 − x)c−a−bF (c − a, c − b; c; x) into the top
formula in Lemma 2.2, we obtain
(1− x)m−k−lF (c− a+m− k, c− b+m− l; c+m; x)
= Q(x)(1− x)−1F (c− a, c− b; c+ 1; x) +R(x)F (c− a, c− b; c; x). (2.4)
Therefore, defining
S(n) :=
1
R(1)(x)R(2)(x) · · ·R(n)(x) ,
where R(n)(x) := R(x)|(a,b,c)7→(a+(n−1)k,b+(n−1)l,c+(n−1)m), we find that
F (c− a, c− b; c; x)
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= S(n)(1− x)n(m−k−l)F (c− a + n(m− k), c− b+ n(m− l); c+ nm; x)
for an admissible quadruple (a, b, c, x). The following is obtained similarly from
Lemmas 2.1 and 2.2.
Proposition 2.3. Fix (k, l,m) ∈ Z3. For an admissible quadruple (a, b, c, x), we
obtain the following 24 degenerate relations:
(i)F (a, b; c; x) = S(n)F (a+ nk, b+ nl; c + nm; x),
(ii)F (c− a, c− b; c; x)
= S(n)(1− x)n(m−k−l)F (c− a+ n(m− k), c− b+ n(m− l); c+ nm; x),
(iii)F (a, c− b; c; x/(x− 1))
= S(n)(1− x)−nkF (a+ nk, c− b+ n(m− l); c+ nm; x/(x− 1)),
(iv)F (c− a, b; c; x/(x− 1))
= S(n)(1− x)−nlF (c− a + n(m− k), b+ nl; c + nm; x/(x− 1)),
(v)F (a, b; a+ b+ 1− c; 1− x)
=
(c, nm)(c− a− b, n(m− k − l))
(c− a, n(m− k))(c− b, n(m− l))S
(n)
× F (a+ nk, b+ nl; a + b+ 1− c+ n(k + l −m); 1− x),
(vi)F (a+ 1− c, b+ 1− c; a+ b+ 1− c; 1− x)
=
(c, nm)(c− a− b, n(m− k − l))
(c− a, n(m− k))(c− b, n(m− l))S
(n)x−nm
× F (a+ 1− c+ n(k −m), b+ 1− c+ n(l −m)
; a+ b+ 1− c + n(k + l −m); 1− x),
(vii)F (a, a+ 1− c; a+ b+ 1− c; 1− x−1)
=
(c, nm)(c− a− b, n(m− k − l))
(c− a, n(m− k))(c− b, n(m− l))S
(n)x−nk
× F (a+ nk, a + 1− c+ n(k −m); a + b+ 1− c+ n(k + l −m); 1− x−1),
(viii)F (b+ 1− c, b; a+ b+ 1− c; 1− x−1)
=
(c, nm)(c− a− b, n(m− k − l))
(c− a, n(m− k))(c− b, n(m− l))S
(n)x−nl
× F (b+ 1− c+ n(l −m), b+ nl; a + b+ 1− c+ n(k + l −m); 1− x−1),
(ix)F (a, a+ 1− c; a+ 1− b; 1/x)
=
(−1)n(m−k−l)(c, nm)(a + 1− c, n(k −m))
(b, nl)(a+ 1− b, n(k − l)) S
(n)x−nk
× F (a+ nk, a + 1− c+ n(k −m); a + 1− b+ n(k − l); 1/x),
(x)F (1− b, c− b; a+ 1− b; 1/x)
=
(−1)n(m−l)(c, nm)(a+ 1− c, n(k −m))
(b, nl)(a + 1− b, n(k − l)) S
(n)(−x)n(l−m)(1− x)n(m−k−l)
× F (1− b− nl, c− b+ n(m− l); a+ 1− b+ n(k − l); 1/x),
(xi)F (a, c− b; a + 1− b; (1− x)−1)
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=
(−1)n(m−l)(c, nm)(a+ 1− c, n(k −m))
(b, nl)(a + 1− b, n(k − l)) S
(n)(1− x)−nk
× F (a+ nk, c− b+ n(m− l); a+ 1− b+ n(k − l); (1− x)−1),
(xii)F (a+ 1− c, 1− b; a+ 1− b; (1− x)−1)
=
(−1)n(m−l)(c, nm)(a+ 1− c, n(k −m))
(b, nl)(a + 1− b, n(k − l)) S
(n)(−x)−nm(1− x)n(m−k)
× F (a+ 1− c+ n(k −m), 1− b− nl; a+ 1− b+ n(k − l); (1− x)−1),
(xiii)F (b+ 1− c, b; b+ 1− a; 1/x)
=
(−1)n(m−k−l)(c, nm)(b+ 1− c, n(l −m))
(a, nk)(b+ 1− a, n(l − k)) S
(n)x−nl
× F (b+ 1− c+ n(l −m), b+ nl; b+ 1− a + n(l − k); 1/x),
(xiv)F (1− a, c− a; b+ 1− a; 1/x)
=
(−1)n(m−k)(c, nm)(b+ 1− c, n(l −m))
(a, nk)(b+ 1− a, n(l − k)) S
(n)(−x)n(k−m)(1− x)n(m−k−l)
× F (1− a− nk, c− a + n(m− k); b+ 1− a+ n(l − k); 1/x),
(xv)F (b, c− a; b+ 1− a; (1− x)−1)
=
(−1)n(m−k)(c, nm)(b+ 1− c, n(l −m))
(a, nk)(b+ 1− a, n(l − k)) S
(n)(1− x)−nl
× F (b+ nl, c− a+ n(m− k); b+ 1− a+ n(l − k); (1− x)−1),
(xvi)F (b+ 1− c, 1− a; b+ 1− a; (1− x)−1)
=
(−1)n(m−k)(c, nm)(b+ 1− c, n(l −m))
(a, nk)(b+ 1− a, n(l − k)) S
(n)(−x)−nm(1− x)n(m−l)
× F (b+ 1− c+ n(l −m), 1− a− nk; b+ 1− a + n(l − k); (1− x)−1),
(xvii)F (a+ 1− c, b+ 1− c; 2− c; x)
=
(c, nm)(a+ 1− c, n(k −m))(b+ 1− c, n(l −m))
(a, nk)(b, nl)(2 − c,−nm) S
(n)x−nm
× F (a+ 1− c+ n(k −m), b+ 1− c+ n(l −m); 2− c− nm; x),
(xviii)F (1− a, 1− b; 2− c; x)
=
(c, nm)(a+ 1− c, n(k −m))(b+ 1− c, n(l −m))
(a, nk)(b, nl)(2 − c,−nm) S
(n)x−nm(1− x)n(m−k−l)
× F (1− a− nk, 1− b− nl; 2− c− nm; x),
(xix)F (a+ 1− c, 1− b; 2− c; x/(x− 1))
=
(c, nm)(a+ 1− c, n(k −m))(b+ 1− c, n(l −m))
(a, nk)(b, nl)(2 − c,−nm) S
(n)x−nm(1− x)n(m−k)
× F (a+ 1− c+ n(k −m), 1− b− nl; 2− c− nm; x/(x− 1)),
(xx)F (b+ 1− c, 1− a; 2− c; x/(x− 1))
=
(c, nm)(a+ 1− c, n(k −m))(b+ 1− c, n(l −m))
(a, nk)(b, nl)(2 − c,−nm) S
(n)x−nm(1− x)n(m−l)
× F (b+ 1− c+ n(l −m), 1− a− nk; 2− c− nm; x/(x− 1)),
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(xxi)F (c− a, c− b; c + 1− a− b; 1− x)
=
(c, nm)(a+ b− c, n(k + l −m))
(a, nk)(b, nl)
S(n)(1− x)n(m−k−l)
× F (c− a+ n(m− k), c− b+ n(m− l); c+ 1− a− b+ n(m− k − l); 1− x),
(xxii)F (1− a, 1− b; c+ 1− a− b; 1− x)
=
(c, nm)(a+ b− c, n(k + l −m))
(a, nk)(b, nl)
S(n)x−nm(1− x)n(m−k−l)
× F (1− a− nk, 1− b− nl; c + 1− a− b+ n(m− k − l); 1− x),
(xxiii)F (c− a, 1− a; c+ 1− a− b; 1− x−1)
=
(c, nm)(a+ b− c, n(k + l −m))
(a, nk)(b, nl)
S(n)xn(k−m)(1− x)n(m−k−l)
× F (c− a+ n(m− k), 1− a− nk; c+ 1− a− b+ n(m− k − l); 1− x−1),
(xxiv)F (c− b, 1− b; c+ 1− a− b; 1− x−1)
=
(c, nm)(a+ b− c, n(k + l −m))
(a, nk)(b, nl)
S(n)xn(l−m)(1− x)n(m−k−l)
× F (c− b+ n(m− l), 1− b− nl; c + 1− a− b+ n(m− k − l); 1− x−1).
Remark 2.4. From the treatment presented in Section 1, it is understood that x in
an admissible quadruple is not a free parameter. The reason for this is the following.
If x were a free parameter, then some of the 24 degenerate relations may be incorrect,
while the special values obtained from the remaining correct relations would be trivial.
(Here ‘trivial’ means obvious from the definition of F (a, b; c; x).) For example, in
the case (k, l,m) = (0, 1, 1), we have
F (a, b+ 1; c+ 1; x) =
a (1− x)F (a + 1, b+ 1; c+ 1; x)
a− c −
cF (a, b; c; x)
a− c . (2.5)
This implies that
Q(n)(x) =
a(1− x)
a− c− n+ 1 ,
and, therefore, the (a, b, c, x) satisfying (1.6) are (a, b, c, x) = (0, b, c, x) and (a, b, c, 1).
In the former case, we find that the 12 degenerate relations (xiii)-(xxiv) are incorrect
because the denominator of the coefficient of yi(a + 1, b+ 1, c+ 1, x) (i = 4, 5, 6) in
Lemma 2.2 contains a as a factor. In addition, the special values obtained from the
12 correct degenerate relations are trivial. For this reason, we exclude cases in which
x is a free parameter from consideration.
2.3 A complete system of representatives of G\Z3
In this subsection, we prove that we only need to investigate the lattice points
contained in (1.14) to obtain the special values of the hypergeometric series.
First, we show that the 48 lattice points that form the orbit of (k, l,m) under the
action of G on Z3 (cf. Section 1) are equivalent with respect to the obtained special
values. We do this by considering two particular examples, (m − k,m − l, m) and
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(k,m − l, m), and demonstrating that they are equivalent to (k, l,m) with respect
to the special values. The general result follows by analogy.
To begin with, we consider the case of (m− k,m− l, m). We start by replacing
(a, b, c, x) with (c−a, c− b, c, x). Then, the three term relation for (m−k,m− l, m)
is expressed as
F (c− a +m− k, c− b+m− l; c+m; x)
= Q′(x)F (c− a+ 1; c− b+ 1; c+ 1; x) +R′(x)F (c− a, c− b; c; x),
and that for (0, 0, 1) is
F (c− a, c− b; c + 1; x) = (c− a)(c− b)(1− x)
ab
F (c− a+ 1; c− b+ 1; c+ 1; x)
+
c(a + b− c)
ab
F (c− a, c− b; c; x).
These two three term relations lead to
(c− a)(c− b)(1− x)
ab
F (c− a +m− k, c− b+m− l; c+m; x)
= Q′(x)F (c− a, c− b, c+ 1; x)
+
{
(c− a)(c− b)(1− x)
ab
R′(x)− (c− a)(a+ b− c)
ab
Q′(x)
}
F (c− a, c− b; c; x).
(2.6)
Equating (2.4) with (2.6), we have
Q(x) =
ab
(c− a)(c− b)(1− x)
m−k−lQ′(x). (2.7)
Hence, the admissible quadruples for (k, l,m) coincide with those for (m − k,m −
l, m). This implies that the special values for (k, l,m) coincide with those for (m−
k,m− l, m); that is, (m− k,m− l, m) is equivalent to (k, l,m) with respect to the
obtained special values.
We next show that (k,m − l, m) is equivalent to (k, l,m) with respect to the
obtained special values. From the top formula in Lemma 2.2, we have
(1− x)−kF (a+ k, c− b+m− l; c+m; x/(x− 1))
= Q(x)(1 − x)−1F (a+ 1, c− b; c+ 1; x/(x− 1)) +R(x)F (a, c− b; c; x/(x− 1)).
(2.8)
Also, making the replacement (a, b, c, x) → (a, c − b, c, x/(x − 1)), we find that the
three term relation for (k,m− l, m) is expressible as
F (a+ k, c− b+m− l; c+m; x/(x− 1))
= Q′′(x)F (a+ 1, c− b+ 1; c+ 1; x/(x− 1)) +R′′(x)F (a, c− b; c; x/(x− 1)).
(2.9)
Then, using
F (a+ 1, c− b, c + 1; x/(x− 1)) = (b− c)F (a+ 1, c− b+ 1; c+ 1; x/(x− 1))
b(1− x)
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+
cF (a, c− b; c; x/(x− 1))
b
and (2.9), we get
b− c
b(1− x)F (a+ k, c− b+m− l; c+m; x/(x− 1))
= Q′′(x)F (a+ 1, c− b; c+ 1; x/(x− 1))
+
{
(b− c)
b(1− x)R
′′(x)− c
b
Q′′(x)
}
F (a, c− b; c; x/(x− 1)). (2.10)
Finally, equating (2.8) and (2.10), we obtain
Q(x) =
b(1− x)2−k
b− c Q
′′(x). (2.11)
Therefore, the admissible quadruples for (k, l,m) coincide with those for (k,m−l, m).
This means that (k,m− l, m) is equivalent to (k, l,m) with respect to the obtained
special values.
We can show that the other 46 lattice points are equivalent to (k, l,m) with
respect to the obtained special values analogously.
Remark 2.5. The reason that we assumed x 6= 0, 1 in the definition of an admissible
quadruple (a, b, c, x) is that if we do not make this assumption, there are cases in
which the admissible quadruples for (k, l,m) do not coincide with those for the other
47 points (cf. (2.7), (2.11) and Subsection 3.1).
Next, we determine a complete system of representatives of the quotient of
the action of G on Z3. Recall that G = 〈σ1, σ2〉 ⋉ (〈σ3〉 × 〈σ4〉 × 〈σ5〉) = S3 ⋉
(S2 × S2 × S2). To begin with, we find a complete system of representatives of
the quotient of the action of (〈σ3〉 × 〈σ4〉 × 〈σ5〉) on Z3. From σ5, we see that
(−k,−l,−m) is identical to (k, l,m). Hence, we can assume 0 ≤ m. Further, be-
cause (m− k,m− l, m) is identical to (k, l,m) by σ4, we can assume 0 ≤ k+ l−m.
In addition, because (l, k,m) is identical to (k, l,m) by σ3, we can assume 0 ≤ l−k.
Thus, we can take {(k, l,m) ∈ Z3 | 0 ≤ k+l−m, l−k,m}, which we callD, as a com-
plete system of representatives of the quotient of the action of (〈σ3〉 × 〈σ4〉 × 〈σ5〉)
on Z3. We now proceed to obtain a complete system of representatives of the quo-
tient of the action of G on Z3. If (k, l,m) ∈ D, then D also contains (m− k, l,m),
(k, l, k+ l−m), (l−m, l, k+ l−m), (l−m, l, l−k) and (m−k, l, l−k). Then, with
α = k + l −m, β = l − k, γ = m
e1 = (1/2, 1/2, 0), e2 = (−1/2, 1/2, 0), e3 = (1/2, 1/2, 1),
we have the following:
(k, l,m) = αe1 + βe2 + γe3, (m− k, l,m) = αe2 + βe1 + γe3,
(k, l, k + l −m) = αe3 + βe2 + γe1, (l −m, l, k + l −m) = αe3 + βe1 + γe2,
(l −m, l, l − k) = αe1 + βe3 + γe2, (m− k, l, l − k) = αe2 + βe3 + γe1.
Together, these imply that we are able to adopt (1.14) as a complete system of the
quotient of the action of G on Z3. Thus, we only have to investigate the lattice
points contained in (1.14) to obtain the special values of the hypergeometric series.
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3 Derivation of special values
In this section, we derive the special values for some lattice points as examples.
Although we implicitly assumed that the parameter c of F (a, b; c; x) is an el-
ement of C \ {0,−1,−2, · · · }, for the rest of paper, we expand the definition of
F (a, b; c; x). From this point, even if the parameter c is a non-positive integer, we
define F (a, b; c; x) as follows if the parameter a is a non-positive integer satisfying
c < a:
F (a, b; c; x) :=
|a|∑
n=0
(a, n)(b, n)
(c, n)(1, n)
xn.
3.1 Example 1: (k, l,m) = (0, 1, 1)
We first consider the casem = 1. Then, the only (k, l,m) satisfying (1.14) is (0, 1, 1).
For this point, the corresponding three term relation is (2.5), and this leads to
Q(n)(x) =
a(1− x)
a− c− n+ 1 .
Hence, (a, b, c, x) = (a, b, c, 1) satisfies (1.6) (and so does (0, b, c, x), but for the
reason explained in Remark 2.4, we do not consider this case).
In the case (a, b, c, x) = (a, b, c, 1), because
S(n) =
(c− a, n)
(c, n)
,
we have
F (a, b; c; 1) =
(c− a, n)
(c, n)
F (a, b+ n; c+ n; 1).
From this, substituting b = −n, where n ∈ Z≥0, we get the Chu-Vandermonde
equality, (1.13). Note that this equality holds even if c is a non-positive integer with
c < b = −n.
Because (a, b, c, 1) is not an admissible quadruple, we should investigate the other
47 points. For example, considering the case (k, l,m) = (0, 0, 1), we get the Gauss
summation formula, (1.12). Similarly, we only get the Chu-Vandermonde equality
and the Gauss summation formula from the other 46 points.
3.2 Example 2: (k, l,m) = (1, 2, 2)
In the case (k, l,m) = (1, 2, 2), because
F (a+ 1, b+ 2, c+ 2, x)
=
(c+ 1) (−c + xa)F (a + 1, b+ 1, c+ 1, x)
x (a− c) (b+ 1) +
c (c+ 1)F (a, b, c, x)
x (a− c) (b+ 1) ,
the numerator of Q(n)(x) is
(−4 + 2 x)n2 + ((c+ 2 a− 3) x− 4 c+ 6)n+ (1− c + ca− a)x− c2 + 3 c− 2.
(3.1)
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Therefore, the admissible quadruple (a, b, c, x) is (a, b, 2a, 2), and
S(n) =
(−1)n (1/2 b+ 1/2, n)
(a+ 1/2, n)
,
where we denote 1
2
b by 1/2 b, and we also denote thus for the rest of this article.
Hence, (i) in Proposition 2.3 leads to
F (a, b; 2 a; 2) =
(−1)n (1/2 b+ 1/2, n)
(a + 1/2, n)
F (a+ n, b+ 2n; 2 a+ 2n; 2) (3.2)
Although (3.2) is valid by virtue of analytic continuation, this equality regarded as
an infinite series expression does not make sense. For this reason, we carry out the
degeneration of this into a finite series expression that does make sense. This is done
separately in the following cases: a = −n − 1, b = −2n and b = −2n − 1, where
n ∈ Z≥0. If a = −n− 1, then the right hand side of (3.2) becomes
(−1)n (1/2 b+ 1/2, n)F (−1, b+ 2n;−2; 2)
(−1/2− n, n) =
(2n+ b+ 1) (1/2 b+ 1/2, n)
(3/2, n)
.
If b = −2n, then the right hand side of (3.2) is
(1/2, n)
(a + 1/2, n)
.
If b = −2n− 1, then the right hand side of (3.2) is equal to
(1, n)F (a + n,−1; 2 a+ 2n; 2)
(a + 1/2, n)
= 0.
The special values obtained from (ii), (iii) and (iv) are identical to the above.
Next, using (v) in Proposition 2.3, we have
F (a, b; b+ 1− a; −1) = 2
2n (1/2 b+ 1/2, n)
(b+ 1− a, n) F (a + n, b+ 2n; b+ 1− a + n; −1).
(3.3)
Substituting a = −n into (3.3), this becomes
F (−n, b; b+ 1 + n; −1) = 2
2nΓ (1/2 b+ 1/2 + n) Γ (n+ b+ 1)
Γ (1/2 b+ 1/2) Γ (2n+ b+ 1)
. (3.4)
Note that the validity of (3.4) for any integer n follows from the constitution method
of (a, b, c, x) satisfying (1.6) (cf. (3.1)). The following lemma is known (cf. 5.3 in
[Ba]):
Lemma 3.1. (Carlson’s theorem) We assume that f(z) and g(z) are regular and
of the form O(ek|z|), where k < pi, for ℜz ≥ 0, and f(z) = g(z) for z = 0, 1, 2 · · · .
Then, f(z) = g(z) on {z | ℜz ≥ 0}.
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It is easily confirmed that both sides of (3.4) satisfy the assumption of the above
lemma. Hence, (3.4) holds for any complex number n for which the left hand side
is meaningful. Resultingly, substituting n = −a into (3.4), we find
F (a, b; b+ 1− a; −1) = 2
−2aΓ (1/2 b+ 1/2− a) Γ (b+ 1− a)
Γ (1/2 b+ 1/2) Γ (b+ 1− 2 a) .
Now, we consider the case a, b+1− a ∈ Z≤0 with b+1− a < a. Specifically, we
consider the case a = −n, b = −2n− n1 − 2, where n, n1 ∈ Z≥0. Then, (3.3) leads
to
F (a, b; b+ 1− a;−1) = 2
2n (1/2n1 + 3/2, n)
(n1 + 2, n)
.
Next, we consider the case b, b + 1 − a ∈ Z≤0 with b + 1 − a < b. Then, if
a = n1 + 2, b = −2n, where n1, n ∈ Z≥0, (3.3) implies
F (a, b; b+ 1− a; −1) = (1/2, n)(n1 + 2, n)
(1/2n1 + 1, n)(1/2n1 + 3/2, n)
.
If a = n1 + 2, b = −2n− 1, where n1, n ∈ Z≥0, we find
F (a, b; b+ 1− a; −1) = 0
from (3.3).
We are able to obtain special values from the other 19 degenerate relations
similarly. Those values are tabulated in the following section.
3.3 Example 3: (k, l,m) = (1, 2, 3)
For an admissible quadruple (a, 2a− 1/3, 3a, 9), we have
S(n) =
(−4)n (a+ 1/2, n)
(a+ 2/3, n)
.
Now, we consider the special values obtained from (vii) in Proposition 2.3. Because
(vii) in this case is
F (a, 1− 2 a; 2/3; 8/9) = (−3)n F (a+ n,−2 a+ 1− 2n; 2/3; 8/9),
we find
F (a, 1− 2 a; 2/3; 8/9) =


(−3)n if a = −n,
(−3)−n if a = n+ 1/2,
(−3)−n−1 if a = n+ 1.
However, we can not directly apply Lemma 3.1 to the above identity, because its left
hand side does not satisfy the assumption of that lemma. For this reason, we get the
special value of F (a, 1− 2 a; 2/3; 8/9) using the following algebraic transformation
of the hypergeometric series:
F (a, 1− 2 a; 2/3; x) = (1− x)1/2 a−1/4 F (1/2 a− 1/12, 1/4− 1/2 a; 2/3; u(x)),
(3.5)
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with
u(x) =
1
64
x (−8 + 9 x)3
x− 1
(see formula (130) in [Gour]). We remark that this holds near x = 0. Now, we carry
out an analytic continuation of each side of (3.5) along a curve starting at x = 0
and ending at x = 8/9, as depicted in Figure 1. Noting that u(x) encircles u = 1
Figure 1: x-plane Figure 2: u-plane
once counterclockwise, as shown in Figure 2, we obtain
F (a, 1− 2 a; 2/3; 8/9) = 2 · 3−a sin ((5/6− a) pi)
using the following lemma (cf. Theorem 4.7.2 in [IKSY]):
Lemma 3.2. Let γ1 be a loop starting and ending at x = a, where 0 < a < 1, and
encircling x = 1 once in the counterclockwise direction. Then, analytic continuation
of (y1(a, b, c, x), y5(a, b, c, x)) along γ1 is given by
(y1(a, b, c, x), y5(a, b, c, x))P
−1AP,
where
P =

 Γ(c)Γ(c−a−b)Γ(c−a)Γ(c−b) Γ(2−c)Γ(c−a−b)Γ(1−a)Γ(1−b)
Γ(c)Γ(a+b−c)
Γ(a)Γ(b)
Γ(a+b−c)Γ(2−c)
Γ(a+1−c)Γ(b+1−c)

 , A =
[
1 0
0 e2 ipi (c−a−b)
]
.
4 Tables of special values
In this section, using Proposition 3.2.3, we tabulate the special values for (k, l,m)
satisfying 0 ≤ k+l−m ≤ l−k ≤ m ≤ 6. However, we exclude the Chu-Vandermonde
equality, (1.13) and the Gauss summation formula, (1.12).
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Let n, n1, n2 ∈ Z≥0. Then, recall that
F (a, b; c; x) :=
|a|∑
n=0
(a, n)(b, n)
(c, n)(1, n)
xn (4.1)
when a and c are non-positive integers satisfying c < a. Further, recall that we
denote 1
2
a by 1/2 a, and so on.
For a given (k, l,m), we use the expression (**)≤(*) to indicate that the values
obtained from (**) in Proposition 3.2.3 coincide with or are contained in those
obtained from (*).
4.1 m = 1
4.1.1 (k, l,m) = (0, 1, 1)
In this case, there is no admissible quadruple (cf. Subsection 3.1).
4.2 m = 2
4.2.1 (k, l,m) = (1, 2, 2)
In the case that (k, l,m) = (1, 2, 2), we obtain
(a, b, c, x) = (a, b, 2 a, 2), S(n) =
(−1)n(1/2 b+ 1/2, n)
(a+ 1/2, n)
. (1,2,2-1)
(1,2,2-1)
(i) F (a, b; 2 a; 2) =


(b+ 1 + 2n) (1/2 b+ 1/2, n)
(3/2, n)
if a = −n− 1,
(1/2, n)
(a+ 1/2, n)
if b = −2n,
0 if b = −2n− 1
(The first case is identical to (4.11) in [Ge]). We find that (ii), (iii), (iv) ≤ (i).
(v) F (a, b; b+ 1− a;−1)
=


2−2 aΓ (1/2 b+ 1/2− a) Γ (b+ 1− a)
Γ (1/2 b+ 1/2) Γ (b+ 1− 2 a) ,
(1/2, n2)(n1 + 2, n2)
(1/2n1 + 1, n2)(1/2n1 + 3/2, n2)
if a = n1 + 2, b = −2n2,
0 if a = n1 + 2, b = −2n2 − 1,
22n1 (1/2n2 + 3/2, n1)
(n2 + 2, n1)
if a = −n1, b = −2n1 − n2 − 2
(The first case is identical to 2.8(47) in [Erd]). We find that (vi)≤(v).
(vii) F (a, 1− a; b+ 1− a; 1/2)
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=

2−aΓ (1/2 b+ 1/2− a) Γ (b+ 1− a)
Γ (1/2 b+ 1/2) Γ (b+ 1− 2 a) ,
2n1 (1/2n2 + 3/2, n1)
(n2 + 2, n1)
if a = −n1, b = −2n1 − n2 − 2 ,
(n1 + n2 + 2, n1)
2n1 (1/2n2 + 1, n1)
if a = n1 + 1, b = −n2 − 1
(The first case is identical to 2.8(51) in [Erd]).
(viii) F (b, b+ 1− 2 a; b+ 1− a; 1/2)
=


2b−2 aΓ (1/2 b+ 1/2− a) Γ (b+ 1− a)
Γ (1/2 b+ 1/2) Γ (b+ 1− 2 a) ,
(1/2, n2) (n1 + 2, n2)
22n2 (1/2n1 + 3/2, n2) (1/2n1 + 1, n2)
if a = n1 + 2, b = −2n2 ,
0 if a = n1 + 2, b = −2n2 − 1
(The first case is identical to 2.8(50) in [Erd]). The special values obtained from
(ix)-(xxiv) are contained in the above.
4.2.2 (k, l,m) = (0, 2, 2)
When (k, l,m) = (0, 2, 2), we obtain

(a, b, c, x) = (a, b, b+ 1− a,−1),
S(n) =
(1/2 b+ 1/2, n) (1/2 b+ 1− a, n)
(1/2 b+ 1/2− 1/2 a, n) (1/2 b+ 1− 1/2 a, n) .
(0,2,2-1)
(0,2,2-1) The special values obtained from (0,2,2-1) are contained in those ob-
tained from (1,2,2-1).
4.2.3 (k, l,m) = (1, 1, 2)
In this case, there is no admissible quadruple.
4.2.4 (k, l,m) = (1, 3, 2)
In this case, we have
(a, b, c, x) = (a, 3 a− 1, 2 a, 1/2 + 1/2 i
√
3), S(n) =
(−3/4 i√3)n (a + 1/3, n)
(a + 1/2, n)
,
(1,3,2-1)
(a, b, c, x) = (a, 3 a− 1, 2 a, 1/2− 1/2 i
√
3), S(n) =
(
3/4 i
√
3
)n
(a+ 1/3, n)
(a + 1/2, n)
.
(1,3,2-2)
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(1,3,2-1)
(i)F (a, 3 a− 1; 2 a; 1/2 + 1/2 i
√
3)
=


22 a−2/3e1/6 i(3 a−1)piΓ (2/3) Γ (a+ 1/2)
33/2 a−1/2Γ (5/6) Γ (a+ 1/3)
,
(−i)n+1 33/2n+1/2 (5/3, n)
22n (3/2, n)
if a = −1 − n
(The first case is identical to 2.8(55) in [Erd] and the second case is identical to
Theorem 11 in [Ek]).
(ii)F (a, 1− a; 2 a; 1/2 + 1/2 i
√
3)
=


22 a−2/3e1/6 i(1−a)piΓ (2/3) Γ (a + 1/2)
33/2 a−1/2Γ (5/6) Γ (a + 1/3)
,
− (−i)n+1 33/2n+1/2 (1 + i√3)2n−1 (5/3, n)
24n−1 (3/2, n)
if a = −1− n.
(iii)F (a, 1− a; 2 a; 1/2− 1/2 i
√
3)
=


22 a−2/3e1/6 i(a−1)piΓ (2/3) Γ (a + 1/2)
33/2 a−1/2Γ (5/6) Γ (a + 1/3)
,
−in+133/2n+1/2 (1− i√3)2n−1 (5/3, n)
24n−1 (3/2, n)
if a = −1− n.
(iv)F (a, 3 a− 1; 2 a; 1/2− 1/2 i
√
3)
=


22 a−2/3e1/6 i(1−3 a)piΓ (2/3) Γ (a+ 1/2)
33/2 a−1/2Γ (5/6) Γ (a+ 1/3)
,
in+133/2n+1/2 (5/3, n)
22n (3/2, n)
if a = −1 − n
(The first case is identical to 2.8(56) in [Erd] and the second case is identical to
Theorem 11 in [Ek]). The special values obtained from (v)-(xxiv) are contained in
the above.
(1,3,2-2) The special values obtained from (1,3,2-2) coincide with those obtained
from (1,3,2-1).
4.3 m = 3
4.3.1 (k, l,m) = (0, 3, 3)
In this case, we get
(a, b, c, x) = (1, b, b,−1/2 + 1/2 i
√
3), S(n) = 1, (0,3,3-1)
(a, b, c, x) = (1, b, b,−1/2− 1/2 i
√
3), S(n) = 1, (0,3,3-2)
(a, b, c, x) = (0, b, b+ 1,−1/2 + 1/2 i
√
3), S(n) = 1, (0,3,3-3)
(a, b, c, x) = (0, b, b+ 1,−1/2− 1/2 i
√
3), S(n) = 1. (0,3,3-4)
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(0,3,3-1) The special values obtained from (0,3,3-1) except trivial values are spe-
cial cases of
F (1, b; 2; x) =
(1− x)1−b − 1
(b− 1)x . (4.2)
(0,3,3-2), (0,3,3-3), (0,3,3-4) The special values obtained from (0,3,3-2), (0,3,3-
3) and (0,3,3-4) coincide with those obtained from (0,3,3-1).
4.3.2 (k, l,m) = (1, 2, 3)
In this case, we have
(a, b, c, x) = (a, 2 a− 1/3, 3 a, 9), S(n) = (−4)
n (a+ 1/2, n)
(a+ 2/3, n)
, (1,2,3-1)
(a, b, c, x) = (a, 2 a− 2/3, 3 a− 1, 9), S(n) = (−4)
n (a+ 1/2, n)
(a+ 2/3, n)
. (1,2,3-2)
(1,2,3-1)
(i)F (a, 2 a− 1/3; 3 a; 9) =


(−6) (−4)n (3/2, n)
(4/3, n)
if a = −1 − n,
(−4)n (1/3, n)
(1/6, n)
if a = 1/6− n,
10 (−4)n (11/6, n)
(5/3, n)
if a = −4/3− n
(The first case is identical to Theorem 17 in [Ek]).
(ii)F (2 a, a+ 1/3; 3 a; 9) =


(−6) (−4)n (3/2, n)
(4/3, n)
if a = −1− n,
0 if a = −1/2− n,
(−4)n (5/6, n)
(2/3, n)
if a = −1/3− n
(The third case is identical to Theorem 18 in [Ek]).
(iii)F (a, a+ 1/3; 3 a; 9/8) =


3 (3/2, n)
2n+2 (4/3, n)
if a = −1 − n,
(5/6, n)
2n (2/3, n)
if a = −1/3− n.
(iv)F (2 a, 2 a− 1/3; 3 a; 9/8) =


3
2
(3/2, n)
(−16)n+1 (4/3, n) if a = −1 − n,
0 if a = −1/2− n,
(1/3, n)
(−16)n (1/6, n) if a = 1/6− n,
−5 (11/6, n)
(−16)n+2 (5/3, n) if a = −4/3− n.
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(v)F (a, 2 a− 1/3; 2/3; −8) =


(−3)3n if a = −n,
(−3)3n if a = 1/6− n,
(−3)3n+1 if a = −1/3− n
(The second case is identical to (3.12) in [GS] and the first case is identical to (5.23)
in [GS]). We find that (vi)≤(v).
(vii)F (a, 1− 2 a; 2/3; 8/9) = 2 · 3−a sin ((5/6− a) pi)
(The above is identical to (8/9.1) in [Gos] and (3.2) in [Ka]). We derive (vii) using
(3.5) and connection formulae for the hypergeometric series(see (25)–(44) in 2.9 in
[Erd]). We find that (viii)≤(vii).
(ix)F (a, 1− 2 a; 4/3− a; 1/9) = 3
−a
√
piΓ (4/3− a)
21/3−2 aΓ (2/3) Γ (7/6− a)
(The above is identical to (1/9.4) in [Gos] and (1.2) in [Ka]).
(x)F (4/3− 2 a, a+ 1/3; 4/3− a; 1/9) = 3
2/3−a
√
piΓ (4/3− a)
24/3−2 aΓ (2/3) Γ (7/6− a)
(The above is identical to (1/9.5) in [Gos] and (1.3) in [Ka]).
(xi)F (a, a+ 1/3; 4/3− a; −1/8) = 3
−3 a
√
piΓ (4/3− a)
21/3−5 aΓ (2/3) Γ (7/6− a) .
(xii)F (1− 2 a, 4/3− 2 a; 4/3− a; −1/8) = 3
3 a−2
√
piΓ (4/3− a)
24 a−8/3Γ (2/3) Γ (7/6− a)
(The above is a generalization of Theorem 32 in [Ek]). We find (xiii)≤(ix), (xiv)≤(x),
(xv)≤(xii), (xvi)≤(xi), (xvii)≤(i), (xviii)≤(ii), (xix)≤(iv), (xx)≤(iii).
(xxi)F (2 a, a+ 1/3; 4/3; −8) =


(−3)3n (1/2, n)
(7/6, n)
if a = −n,
0 if a = −1/2− n,
(−3)3n (5/6, n)
(3/2, n)
if a = −1/3− n
(The third case is identical to (3.7) in [GS]). We find (xxii)≤(xxi).
(xxiii)F (2 a, 1− a; 4/3; 8/9) = 3
a−1
√
piΓ (1/6)
2Γ (7/6− a) Γ (a + 1/2)
(The above is identical to (8/9.2) in [Gos], (5.24) in [DS] and (3.3) in [Ka]). We
derive (xxiii) by using formula (132) in [Gour] and connection formulae for the
hypergeometric series(see (25)–(44) in 2.9 in [Erd]). We find (xxiv)≤(xxiii).
(1,2,3-2) The special values obtained from (1,2,3-2) coincide with those obtained
from (1,2,3-1).
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4.3.3 (k, l,m) = (1, 3, 3)
In this case, we get
(a, b, c, x) = (a, 3 a− 1/2, 3 a,−3), S(n) = 2
2n (a+ 1/2, n)2
(a+ 1/3, n) (a+ 2/3, n)
, (1,3,3-1)
(a, b, c, x) = (a, 3 a− 3/2, 3 a− 1,−3), S(n) = 2
2n (a− 1/6, n) (a+ 1/6, n)
(a− 1/3, n) (a+ 1/3, n) ,
(1,3,3-2)
(a, b, c, x) = (a, 3 a+ 1, 3 a, 3/2), S(n) =
(−3)3n (a+ 1, n) (2 a, 2n)
23n (3 a, 3n)
, (1,3,3-3)
(a, b, c, x) = (a, 3 a− 3, 3 a− 1, 3/2), S(n) = (3 a− 2)
(−2)n (3 a− 2 + 3n) . (1,3,3-4)
(1,3,3-1)
(i)F (a, 3 a− 1/2; 3 a; −3) =


9 · 22n−1 (3/2, n)2
(5/3, n) (4/3, n)
if a = −1 − n,
22n (1/3, n)2
(1/2, n) (1/6, n)
if a = 1/6− n,
22n+1 (2/3, n)2
(5/6, n) (1/2, n)
if a = −1/6− n,
0 if a = −1/2− n.
(ii)F (1/2, 2 a; 3 a; −3) =


9
8
(3/2, n)2
(5/3, n) (4/3, n)
if a = −1− n,
0 if a = −1/2− n.
(iii)F (1/2, a; 3 a; 3/4) =


2√
3
Γ (a+ 1/3) Γ (a + 2/3)
(Γ (a+ 1/2))2
,
9
8
(3/2, n)2
(5/3, n) (4/3, n)
if a = −1 − n
(The first case is identical to (3/4.1) in [Gos]).
(iv)F (2 a, 3 a− 1/2; 3 a; 3/4) =


24 a√
3
Γ (a + 1/3) Γ (a + 2/3)
(Γ (a+ 1/2))2
,
9 (3/2, n)2
24n+7 (5/3, n) (4/3, n)
if a = −1− n.
(v)F (a, 3 a− 1/2; a+ 1/2; 4) =


(−3)3n if a = −n,
(−3)3n if a = 1/6− n,
− (−3)3n+1 if a = −1/6− n
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(The first case is identical to Theorem 12 in [Ek]).
(vi)F (1/2, 1− 2 a; a + 1/2; 4) =
{
1 if a = 1/2 + n,
−1/3 if a = 1 + n.
(vii)F (a, 1− 2 a; a + 1/2; 4/3) =


32n if a = −n,
3−2n if a = 1/2 + n,
3−2n−2 if a = 1 + n.
(viii)F (1/2, 3 a− 1/2; a+ 1/2; 4/3) =
{
1 if a = 1/6− n,
−1 if a = −1/6− n.
(ix)F (a, 1− 2 a; 3/2− 2 a; −1/3) = 2
3/2−2 aΓ (5/4− a) Γ (3/4− a)
31−aΓ (7/6− a) Γ (5/6− a) .
(x)F (1/2, 3/2− 3 a; 3/2− 2 a; −1/3) =
√
2
3
Γ (5/4− a) Γ (3/4− a)
Γ (7/6− a) Γ (5/6− a)
(The above is a generalization of (28.1) in [Ge]).
(xi)F (1/2, a; 3/2− 2 a; 1/4) = 2
3/2 Γ (5/4− a) Γ (3/4− a)
3 Γ (7/6− a) Γ (5/6− a)
(The above is identical to (1/4.1) in [Gos] and (5.22) in [GS]).
(xii)F (1− 2 a, 3/2− 3 a; 3/2− 2 a; 1/4) = 2
7/2−6 aΓ (5/4− a) Γ (3/4− a)
32−3 aΓ (7/6− a) Γ (5/6− a)
(The above is a generalization of Theorem 30 in [Ek]).
(xiii)F (1/2, 3 a− 1/2; 2 a+ 1/2; −1/3) = 2
1−2 a
√
piΓ (2 a+ 1/2)√
3 (Γ (a+ 1/2))2
.
(xiv)F (2 a, 1− a; 2 a+ 1/2; −1/3) =
√
piΓ (2 a+ 1/2)
3a (Γ (a + 1/2))2
.
(xv)F (2 a, 3 a− 1/2; 2 a+ 1/2; 1/4) = 2
4 a
√
piΓ (2 a+ 1/2)
33 a (Γ (a + 1/2))2
.
(xvi)F (1/2, 1− a; 2 a+ 1/2; 1/4) = 2
2−2 a
√
piΓ (2 a+ 1/2)
3 (Γ (a+ 1/2))2
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(The above is identical to (1/4.2) in [Gos]).
(xvii)F (1/2, 1− 2 a; 2− 3 a; −3) =


(1/3, n) (2/3, n)
(1/6, n) (5/6, n)
if a = 1/2 + n,
−35
64
(11/6, n) (13/6, n)
(5/3, n) (7/3, n)
if a = 2 + n.
(xviii)F (1− a, 3/2− 3 a; 2− 3 a; −3)
=


22n (5/6, n) (7/6, n)
(2/3, n) (4/3, n)
if a = 1 + n,
22n (1/3, n) (2/3, n)
(1/6, n) (5/6, n)
if a = 1/2 + n,
0 if a = 5/6 + n,
0 if a = 7/6 + n.
(xix)F (1− 2 a, 3/2− 3 a; 2− 3 a; 3/4)
=


22−4 aΓ (4/3− a) Γ (2/3− a)√
3 Γ (7/6− a) Γ (5/6− a) ,
−35 (11/6, n) (13/6, n)
24n+12 (5/3, n) (7/3, n)
if a = 2 + n.
(xx)F (1/2, 1− a; 2− 3 a; 3/4)
=


2 Γ (4/3− a) Γ (2/3− a)√
3Γ (7/6− a) Γ (5/6− a) ,
(5/6, n) (7/6, n)
(2/3, n) (4/3, n)
if a = 1 + n
(The first case is identical to (3/4.2) in [Gos]).
(xxi)F (1/2, 2 a; 3/2− a; 4) =


(3/2, n) (1/2, n)
(5/6, n) (7/6, n)
if a = −n,
0 if a = −1/2− n
(The above are identical to (5.25) in [GS]).
(xxii)F (1− a, 3/2− 3 a; 3/2− a; 4)
=


(−3)3n (5/6, n) (7/6, n)
(3/2, n) (1/2, n)
if a = 1 + n,
0 if a = 5/6 + n,
0 if a = 7/6 + n
(The first case is identical to Theorem 13 in [Ek]).
(xxiii)F (2 a, 1− a; 3/2− a; 4/3) =


(3/2, n) (1/2, n)
32n (5/6, n) (7/6, n)
if a = −n,
0 if a = −1/2− n,
32n (5/6, n) (7/6, n)
(3/2, n) (1/2, n)
if a = 1 + n.
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(xxiv)F (1/2, 3/2− 3 a; 3/2− a; 4/3) =
{
0 if a = 5/6 + n,
0 if a = 7/6 + n.
(1,3,3-2) The special values obtained from (1,3,3-2) coincide with those obtained
from (1,3,3-1).
(1,3,3-3)
(i)F (a, 3 a+ 1; 3 a; 3/2) =


0 if a = −1 − n,
(−3)3n (1/3, n) (5/3, 2n)
23n (2, 3n)
if a = −1/3− n,
(−3)3n (2/3, n) (7/3, 2n)
23n+1 (3, 3n)
if a = −2/3− n.
The special values obtained from (ii) and (iii) are trivial.
(iv)F (2 a, 3 a+ 1; 3 a; 3) =


0 if a = −1/2− 1/2n,
33n (1/3, n) (5/3, 2n)
(2, 3n)
if a = −1/3− n,
−33n (2/3, n) (7/3, 2n)
(3, 3n)
if a = −2/3− n.
(v)F (a, 3 a+ 1; a + 2; −1/2) = 23 a3−3 a (a + 1)
(The above is a special case of
F (c− a, c− 2, c; (c− 2)/(a− 1)) = (c− 1)
(
a+ 1− c
a− 1
)a+1−c
. (4.3)
This is given in (a/b.1) in [Gos] and (1.6) in [Eb2]).
(vi)F (2, 1− 2 a; a+ 2; −1/2) = 2/3 a+ 2/3
(The above is a special case of
F (a, 2, c; (c− 2)/(a− 1)) = (a− 1)(c− 1)
a + 1− c . (4.4)
This is given in (1.5) in [Eb2]).
(vii)F (a, 1− 2 a; a + 2; 1/3) = 22 a3−2a (a + 1)
(The above is a special case of (4.3)).
(viii)F (2, 3 a+ 1; a + 2; 1/3) = 3/2 a+ 3/2
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(The above is a special case of (4.4)).
(ix)F (a, 1− 2 a; −2 a; 2/3) =


0,
22n (3/2, 3n)
32n (3/2, n) (1, 2n)
if a = 1/2 + n,
22n+2 (3, 3n)
32n+1 (2, n) (2, 2n)
if a = 1 + n.
The special values obtained from (x) and (xi) are trivial.
(xii)F (−3 a, 1− 2 a; −2 a; −2) =


0 if a = 1/3 + n,
0 if a = 2/3 + n,
22n (3/2, 3n)
(3/2, n) (1, 2n)
if a = 1/2 + n,
22n+2 (3, 3n)
(2, n) (2, 2n)
if a = 1 + n.
(xiii)F (2, 3 a+ 1; 2 a+ 2; 2/3) = 6 a+ 3
(The above is a special case of (4.4)).
(xiv)F (2 a, 1− a; 2 a+ 2; 2/3) = 3−a (2 a+ 1)
(The above is a special case of (4.3)).
(xv)F (2 a, 3 a+ 1; 2 a+ 2; −2) =
{
33n (1− 6n) if a = −1/3− n,
33n+1 (−1 − 6n) if a = −2/3− n
(The above are special cases of (4.3)).
(xvi)F (2, 1− a; 2 a+ 2; −2) = 2/3n+ 1 if a = 1 + n
(The above is a special case of (4.4)).
(xvii)F (2, 1− 2 a; 2− 3 a; 3/2) =
{
6n+ 1 if a = 1/2 + n,
6n+ 10 if a = 2 + n
(The above are special cases of (4.4)).
(xviii)F (−3 a, 1− a; 2− 3 a; 3/2) = (−2)−1−n (−3n− 2) if a = 1 + n
(The above is a special case of (4.3)).
(xix)F (−3 a, 1− 2 a; 2− 3 a; 3) =
{
22n (6n+ 1) if a = 1/2 + n,
−22n+3 (6n+ 10) if a = 2 + n
(The above are special cases of (4.3)).
(xx)F (2, 1− a; 2− 3 a; 3) = 3/2n+ 1 if a = 1 + n
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The above is a special case of (4.4)). The special values obtained from (xxi) are
trivial.
(xxii)F (−3 a, 1− a; −a; −1/2) =


0,
(3, 3n)
2n (2, n) (2, 2n)
if a = 1 + n.
(xxiii)F (2 a, 1− a; −a; 1/3) =


0,
(3, 3n)
3n (2, n) (2, 2n)
if a = 1 + n.
The special values obtained from (xxiv) are trivial.
(1,3,3-4) The special values obtained from (1,3,3-4) coincide with those obtained
from (1,3,3-3).
4.3.4 (k, l,m) = (1, 4, 3)
In this case, we have
(a, b, c, x) = (a, b, b+ 1− a,−1), (1,4,3-1)
(a, b, c, x) = (a, 4 a− 1/2, 3 a,−1), S(n) = 2
6n (a+ 3/8, n) (a+ 5/8, n)
33n (a+ 1/3, n) (a+ 2/3, n)
, (1,4,3-2)
(a, b, c, x) = (a, 4 a− 5/2, 3 a− 1,−1), S(n) = 2
6n (a− 1/8, n) (a + 1/8, n)
33n (a− 1/3, n) (a + 1/3, n) .
(1,4,3-3)
(1,4,3-1) The special values obtained from (1,4,3-1) are evaluated in paragraphs
(1,2,2-1) and (0,2,2-1),
(1,4,3-2)
(i)F (a, 4 a− 1/2; 3 a; −1)
=


23/4−6 a
√
piΓ (3/4) Γ (a+ 1/3) Γ (a + 2/3)
33/8−3 aΓ (11/24)Γ (19/24) Γ (a + 3/8) Γ (a+ 5/8)
,
5 · 26n−1 (13/8, n) (11/8, n)
33n (5/3, n) (4/3, n)
if a = −1− n
(The first case is a generalization of Theorem 1 in [Ek]).
(ii)F (2 a, 1/2− a; 3 a; −1)
=


21/4−4 a
√
piΓ (3/4) Γ (a+ 1/3) Γ (a + 2/3)
33/8−3 aΓ (11/24)Γ (19/24) Γ (a + 3/8) Γ (a+ 5/8)
,
5 · 24n−3 (13/8, n) (11/8, n)
33n (5/3, n) (4/3, n)
if a = −1− n.
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(iii)F (a, 1/2− a; 3 a; 1/2)
=


23/4−5 a
√
piΓ (3/4) Γ (a+ 1/3) Γ (a + 2/3)
33/8−3 aΓ (11/24)Γ (19/24) Γ (a + 3/8) Γ (a+ 5/8)
,
5 · 25n−2 (13/8, n) (11/8, n)
33n (5/3, n) (4/3, n)
if a = −1− n.
(iv)F (2 a, 4 a− 1/2; 3 a; 1/2)
=


21/4−2 a
√
piΓ (3/4) Γ (a+ 1/3) Γ (a + 2/3)
33/8−3 aΓ (11/24)Γ (19/24) Γ (a + 3/8) Γ (a+ 5/8)
,
5 · 22n−5 (13/8, n) (11/8, n)
33n (5/3, n) (4/3, n)
if a = −1− n.
(v)F (a, 4 a− 1/2; 2 a+ 1/2; 2)
=


(−4)n (5/8, n) (3/8, n)
(3/4, n) (1/4, n)
if a = −n,
(−4)n (1/2, n) (1/4, n)
(5/8, n) (1/8, n)
if a = 1/8− n,
2 (−4)n (3/4, n) (1/2, n)
(7/8, n) (3/8, n)
if a = −1/8− n,
0 if a = −3/8− n,
0 if a = −5/8− n.
(vi)F (1− 2 a, a+ 1/2; 2 a+ 1/2; 2)
=


(3/4, n) (5/4, n)
22n (7/8, n) (9/8, n)
if a = 1/2 + n,
− (5/4, n) (7/4, n)
5 · 22n (11/8, n) (13/8, n) if a = 1 + n,
22n (9/8, n) (7/8, n)
(5/4, n) (3/4, n)
if a = −1/2− n.
(vii)F (a, 1− 2 a; 2 a+ 1/2; 2) =


22n (5/8, n) (3/8, n)
(3/4, n) (1/4, n)
if a = −n,
(3/4, n) (5/4, n)
22n (7/8, n) (9/8, n)
if a = 1/2 + n,
(5/4, n) (7/4, n)
5 · 22n (11/8, n) (13/8, n) if a = 1 + n.
(viii)F (4 a− 1/2, a+ 1/2; 2 a+ 1/2; 2)
=


(−4)n (1/2, n) (1/4, n)
(5/8, n) (1/8, n)
if a = 1/8− n,
(−4)n+1 (3/4, n) (1/2, n)
2 (7/8, n) (3/8, n)
if a = −1/8− n,
0 if a = −3/8− n,
0 if a = −5/8− n,
(−4)n (9/8, n) (7/8, n)
(5/4, n) (3/4, n)
if a = −1/2− n.
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We find that (ix)≤(ii), (x)≤(i), (xi)≤(iii), (xii)≤(iv).
(xiii)F (4 a− 1/2, a+ 1/2; 3 a+ 1/2; −1)
=


33 a−3/8
√
piΓ (3/4) Γ (a + 1/6)Γ (a+ 5/6)
26 a−3/4Γ (7/24)Γ (23/24)Γ (a+ 3/8) Γ (a + 5/8)
,
26n (9/8, n) (7/8, n)
33n (2/3, n) (4/3, n)
if a = −1/2− n
(The second case is identical to Theorem 2 in [Ek]).
(xiv)F (2 a, 1− a; 3 a+ 1/2; −1)
=


33 a−3/8
√
piΓ (3/4) Γ (a + 1/6)Γ (a+ 5/6)
24 a−1/4Γ (7/24)Γ (23/24)Γ (a+ 3/8) Γ (a + 5/8)
,
−7 · 24n−6 (17/8, n) (15/8, n)
33n−1 (5/3, n) (7/3, n)
if a = −3/2− n.
(xv)F (2 a, 4 a− 1/2; 3 a+ 1/2; 1/2)
=


33 a−3/8
√
piΓ (3/4) Γ (a + 1/6)Γ (a+ 5/6)
22 a−1/4Γ (7/24)Γ (23/24)Γ (a+ 3/8) Γ (a + 5/8)
,
−7 · 22n−9 (17/8, n) (15/8, n)
33n−1 (5/3, n) (7/3, n)
if a = −3/2− n.
(xvi)F (1− a, a+ 1/2; 3 a+ 1/2; 1/2)
=


33 a−3/8
√
piΓ (3/4) Γ (a + 1/6)Γ (a+ 5/6)
25 a−5/4Γ (7/24)Γ (23/24)Γ (a+ 3/8) Γ (a + 5/8)
,
25n (9/8, n) (7/8, n)
33n (2/3, n) (4/3, n)
if a = −1/2− n.
The special values obtained from (xvii)-(xxiv) are contained in the above.
(1,4,3-3) The special values obtained from (1,4,3-3) coincide with those obtained
from (1,4,3-2).
4.4 m = 4
4.4.1 (k, l,m) = (0, 4, 4)
In this case, we have
(a, b, c, x) = (a, b, b+ 1− a,−1), (0,4,4-1)
(a, b, c, x) = (1, b, b, λ), S(n) = 1, (0,4,4-2)
(a, b, c, x) = (0, b, b+ 1, λ), S(n) = 1 (0,4,4-3)
where, λ is a solution of x2 + 1 = 0.
(0,4,4-1) The special values obtained from (0,4,4-1) are evaluated in the case
(0,2,2-1).
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(0,4,4-2) The special values obtained from (0,4,4-2) except trivial values are the
special cases of (4.2).
(0,4,4-3) The special values obtained from (0,4,4-3) coincide with those obtained
from (0,4,4-2)
4.4.2 (k, l,m) = (1, 3, 4)
In this case, we have
(a, b, c, x) = (a, 3 a− 1/2, 4 a, 4), S(n) = (−3)
3n (a+ 2/3, n) (a+ 1/6, n)
24n (a+ 1/4, n) (a + 3/4, n)
, (1,3,4-1)
(a, b, c, x) = (a, 3 a− 3/2, 4 a− 2, 4)S(n) = (−3)
3n (a− 1/3, n) (a + 1/6, n)
24n (a− 1/4, n) (a+ 1/4, n) ,
(1,3,4-2)
(a, b, c, x) = (a, 3 a− 1/2, 4 a,−8), S(n) = 3
3n (a+ 1/3, n) (a+ 2/3, n)
22n (a+ 1/4, n) (a+ 3/4, n)
, (1,3,4-3)
(a, b, c, x) = (a, 3 a− 1/4, 4 a,−8), S(n) = 3
3n (a+ 2/3, n) (a+ 7/12, n)
22n (a + 1/2, n) (a + 3/4, n)
, (1,3,4-4)
(a, b, c, x) = (a, 3 a− 3/4, 4 a− 1,−8), S(n) = 3
3n (a + 1/3, n) (a+ 5/12, n)
22n (a+ 1/2, n) (a+ 1/4, n)
,
(1,3,4-5)
(a, b, c, x) = (a, 3 a− 5/4, 4 a− 1,−8), S(n) = 3
3n (a + 1/3, n) (a− 1/12, n)
22n (a+ 1/2, n) (a− 1/4, n) ,
(1,3,4-6)
(a, b, c, x) = (a, 3 a− 3/2, 4 a− 2,−8), S(n) = 3
3n (a− 1/6, n) (a+ 1/6, n)
22n (a− 1/4, n) (a+ 1/4, n) ,
(1,3,4-7)
(a, b, c, x) = (a, 3 a− 7/4, 4 a− 2,−8), S(n) = 3
3n (a + 1/3, n) (a+ 5/12, n)
22n (a+ 1/2, n) (a+ 1/4, n)
.
(1,3,4-8)
(1,3,4-1)
(i)F (a, 3 a− 1/2; 4 a; 4) =


−5 · (−3)3n (4/3, n) (11/6, n)
24n+1 (7/4, n) (5/4, n)
if a = −1− n,
(−3)3n (1/6, n) (2/3, n)
24n (7/12, n) (1/12, n)
if a = 1/6− n,
0 if a = −1/6− n,
− (−3)3n+1 (11/6, n) (7/3, n)
24n−1 (9/4, n) (7/4, n)
if a = −3/2− n
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(The first case is identical to Theorem 3 in [Ek]).
(ii)F (3 a, a+ 1/2; 4 a; 4) =


−5 (−3)3n (4/3, n) (11/6, n)
24n+1 (7/4, n) (5/4, n)
if a = −1− n,
− (−3)3n+1 (2/3, n) (7/6, n)
24n+1 (13/12, n) (7/12, n)
if a = −1/3− n,
0 if a = −2/3− n,
(−3)3n (5/6, n) (4/3, n)
24n (5/4, n) (3/4, n)
if a = −1/2− n
(The fourth case is identical to Theorem 9 in [Ek]).
(iii)F (a, a+ 1/2; 4 a; 4/3) =


5 · 32n−1 (4/3, n) (11/6, n)
24n+1 (7/4, n) (5/4, n)
if a = −1− n,
32n (5/6, n) (4/3, n)
24n (5/4, n) (3/4, n)
if a = −1/2− n.
(iv)F (3 a, 3 a− 1/2; 4 a; 4/3)
=


5
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(4/3, n) (11/6, n)
24n+1 (7/4, n) (5/4, n)
if a = −1− n,
− (2/3, n) (7/6, n)
24n+1 (13/12, n) (7/12, n)
if a = −1/3− n,
0 if a = −2/3− n,
(1/6, n) (2/3, n)
24n (7/12, n) (1/12, n)
if a = 1/6− n,
0 if a = −1/6− n,
− 1
81
(11/6, n) (7/3, n)
24n−1 (9/4, n) (7/4, n)
if a = −3/2− n,
(v)F (a, 3 a− 1/2; 1/2; −3) =


(−16)n (5/6, n)
(2/3, n)
if a = −n,
(−16)n (2/3, n)
(1/2, n)
if a = 1/6− n,
0 if a = −1/6− n,
(−16)n+1 (4/3, n)
2 (7/6, n)
if a = −1/2− n.
We find (vi)≤(v).
(vii)F (a, 1− 3 a; 1/2; 3/4) = 2
2/3−2 a
√
piΓ(1/3)
Γ(a + 1/6)Γ(2/3− a)
(The above is identical to (3/4.4) in [Gos]). We derive (vii) by using the alge-
braic transformation formula (44) in 2.11 in [Erd] and connection formulae for the
hypergeometric series(see (25)–(44) in 2.9 in [Erd]). We find (viii)≤(vii).
(ix)F (a, 1− 3 a; 3/2− 2 a; 1/4) = 2
2−4 a
√
piΓ (3/2− 2 a)
33/2−3 aΓ (2/3) Γ (4/3− 2 a) .
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(x)F (a+ 1/2, 3/2− 3 a; 3/2− 2 a; 1/4) = 2
3−4 a
√
piΓ (3/2− 2 a)
32−3 aΓ (2/3)Γ (4/3− 2 a) .
(xi)F (a, a+ 1/2; 3/2− 2 a; −1/3) = 2
2−6 a
√
piΓ (3/2− 2 a)
33/2−4 aΓ (2/3) Γ (4/3− 2 a) .
(xii)F (1− 3 a, 3/2− 3 a; 3/2− 2 a; −1/3) = 2
2 a
√
piΓ (3/2− 2 a)√
3Γ (2/3) Γ (4/3− 2 a) .
The special values obtained from (xiii)-(xx) are contained in the above those.
(xxi)F (3 a, a+ 1/2; 3/2; −3) =


(−16)n (1/3, n)
(7/6, n)
if a = −n,
4 (−16)n (2/3, n)
3 (3/2, n)
if a = −1/3− n,
0 if a = −2/3− n,
(−16)n (5/6, n)
(5/3, n)
if a = −1/2− n.
We find (xxii)≤(xxi).
(xxiii)F (3 a, 1− a; 3/2; 3/4) = 2
2 a−1/3
√
piΓ (4/3)
Γ (7/6− a) Γ (a+ 2/3) .
(The above is identical to (3/4.3) in [Gos]). We derive (xxiii) by using the alge-
braic transformation formula (46) in 2.11 in [Erd] and connection formulae for the
hypergeometric series(see (25)–(44) in 2.9 in [Erd]). We find (xxiv)≤(xxiii).
(1,3,4-2) The special values obtained from (1,3,4-2) coincide with those obtained
from (1,3,4-1).
(1,3,4-3)
(i)F (a, 3 a− 1/2; 4 a; −8) =


33n (4/3, n) (5/3, n)
22n−3 (7/4, n) (5/4, n)
if a = −1− n,
33n (1/6, n) (1/2, n)
22n (7/12, n) (1/12, n)
if a = 1/6− n,
33n+1 (1/2, n) (5/6, n)
22n (11/12, n) (5/12, n)
if a = −1/6− n,
−7 · 33n+1 (11/6, n) (13/6, n)
22n (9/4, n) (7/4, n)
if a = −3/2− n
(The first case is identical to Theorem 7 in [Ek]).
(ii)F (3 a, a+ 1/2; 4 a; −8) =


33n (4/3, n) (5/3, n)
22n−3 (7/4, n) (5/4, n)
if a = −1 − n,
0 if a = −1/3− n,
0 if a = −2/3− n,
33n (5/6, n) (7/6, n)
22n (5/4, n) (3/4, n)
if a = −1/2− n
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(The fourth case is identical to Theorem 5 in [Ek]).
(iii)F (a, a+ 1/2; 4 a; 8/9) =


22 a−1/2Γ (a+ 3/4) Γ (a+ 1/4)
3a−1/2Γ (a + 2/3) Γ (a + 1/3)
,
3n−2 (4/3, n) (5/3, n)
22n−3 (7/4, n) (5/4, n)
if a = −1− n,
3n (5/6, n) (7/6, n)
22n (5/4, n) (3/4, n)
if a = −1/2− n.
(iv)F (3 a, 3 a− 1/2; 4 a; 8/9) =


22 a−1/2Γ (a+ 3/4) Γ (a + 1/4)
31/2−3 aΓ (a+ 2/3) Γ (a + 1/3)
,
(4/3, n) (5/3, n)
22n−333n+6 (7/4, n) (5/4, n)
if a = −1− n,
−7 (11/6, n) (13/6, n)
22n33n+9 (9/4, n) (7/4, n)
if a = −3/2− n
(The first case is identical to (3.1) in [Ka]).
(v)F (a, 3 a− 1/2; 1/2; 9) =


26n if a = −n,
26n if a = 1/6− n,
26n+2 if a = −1/6− n,
−26n+3 if a = −1/2− n.
We find (vi)≤(v).
(vii)F (a, 1− 3 a; 1/2; 9/8) =


(−2)3n if a = −n,
(−2)−3n if a = 1/3 + n,
(−2)−3n−1 if a = 2/3 + n,
(−2)−3n−3 if a = 1 + n.
We find (viii)≤(vii).
(ix)F (a, 1− 3 a; 3/2− 2 a; −1/8) =
(
2
3
)1−3 a √
piΓ (3/2− 2 a)
Γ (7/6− a) Γ (5/6− a) .
(x)F (a+ 1/2, 3/2− 3 a; 3/2− 2 a; −1/8) = 2
5/2−3 a
√
piΓ (3/2− 2 a)
32−3 aΓ (7/6− a) Γ (5/6− a) .
(xi)F (a, a+ 1/2; 3/2− 2 a; 1/9) = 2
1−6 a
√
piΓ (3/2− 2 a)
31−5 aΓ (7/6− a) Γ (5/6− a)
(The above is identical to (1/9.1) in [Gos]).
(xii)F (1− 3 a, 3/2− 3 a; 3/2− 2 a; 1/9) =
(
4
3
)3 a−1 √
piΓ (3/2− 2 a)
Γ (7/6− a) Γ (5/6− a)
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(The above is identical to (1.1) in [Ka]). The special values obtained from (xiii)-(xx)
are contained in the above those.
(xxi)F (3 a, a+ 1/2; 3/2; 9) =


26n (1/3, n) (2/3, n)
(5/6, n) (7/6, n)
if a = −n,
0 if a = −1/3− n,
0 if a = −2/3− n,
26n (5/6, n) (7/6, n)
(4/3, n) (5/3, n)
if a = −1/2− n,
We find (xxii)≤(xxi).
(xxiii)F (3 a, 1− a; 3/2; 9/8) =


(1/3, n) (2/3, n)
(−2)3n (5/6, n) (7/6, n) if a = −n,
0 if a = −1/3− n,
0 if a = −2/3− n,
(−2)3n (5/6, n) (7/6, n)
(5/3, n) (4/3, n)
if a = 1 + n.
We find (xxiv)≤(xxiii).
(1,3,4-4)
(i)F (a, 3 a− 1/4; 4 a; −8) =


5 · 33n+1 (4/3, n) (17/12, n)
22n+1 (3/2, n) (5/4, n)
if a = −1 − n,
33n (1/4, n) (1/3, n)
22n (5/12, n) (1/6, n)
if a = 1/12− n,
7 · 33n+1 (19/12, n) (5/3, n)
22n (7/4, n) (3/2, n)
if a = −5/4− n,
0 if a = −7/12− n
(The first case is identical to Theorem 6 in [Ek]).
(ii)F (3 a, a+ 1/4; 4 a; −8) =


5 · 33n+1 (4/3, n) (17/12, n)
22n+1 (3/2, n) (5/4, n)
if a = −1− n,
33n+1 (2/3, n) (3/4, n)
22n+1 (5/6, n) (7/12, n)
if a = −1/3− n,
0 if a = −2/3− n,
33n (7/12, n) (2/3, n)
22n (3/4, n) (1/2, n)
if a = −1/4− n
(The fourth case is identical to Theorem 4 in [Ek]).
(iii)F (a, a+ 1/4; 4 a; 8/9) =


22a−1/6Γ (2/3) Γ (3/4)Γ (a+ 3/4) Γ (a+ 1/2)
3a−1/4Γ (5/6) Γ (7/12) Γ (a + 2/3) Γ (a+ 7/12)
,
5 · 3n−1 (4/3, n) (17/12, n)
22n+1 (3/2, n) (5/4, n)
if a = −1 − n,
3n (7/12, n) (2/3, n)
22n (3/4, n) (1/2, n)
if a = −1/4− n.
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(iv)F (3 a, 3 a− 1/4; 4 a; 8/9)
=


22a−1/6Γ (2/3) Γ (3/4) Γ (a+ 3/4) Γ (a+ 1/2)
31/4−3 aΓ (5/6)Γ (7/12) Γ (a+ 2/3) Γ (a+ 7/12)
,
5 (4/3, n) (17/12, n)
22n+133n+5 (3/2, n) (5/4, n)
if a = −1− n,
7 (19/12, n) (5/3, n)
22n33n+7 (7/4, n) (3/2, n)
if a = −5/4− n
(The first case is identical to (3.4) in [Ka]).
(v)F (a, 3 a− 1/4; 3/4; 9) =


26n (5/12, n)
(2/3, n)
if a = −n,
26n (1/3, n)
(7/12, n)
if a = 1/12− n,
26n+2 (2/3, n)
(11/12, n)
if a = −1/4− n,
0 if a = −7/12− n.
(vi)F (1− 3 a, 3/4− a; 3/4; 9) =


26n (2/3, n)
(11/12, n)
if a = 1/3 + n,
0 if a = 2/3 + n,
−26n+5 (4/3, n)
7 (19/12, n)
if a = 1 + n,
26n (13/12, n)
(4/3, n)
if a = 3/4 + n.
(vii)F (a, 1− 3 a; 3/4; 9/8) =


(−2)3n (5/12, n)
(2/3, n)
if a = −n,
(2/3, n)
(−2)3n (11/12, n) if a = 1/3 + n,
0 if a = 2/3 + n,
(4/3, n)
7(−2)3n+1 (19/12, n) if a = 1 + n.
(viii)F (3 a− 1/4, 3/4− a; 3/4; 9/8)
=


(1/3, n)
(−2)3n (7/12, n) if a = 1/12− n,
(2/3, n)
(−2)3n+1 (11/12, n) if a = −1/4− n,
0 if a = −7/12− n,
(−2)3n (13/12, n)
(4/3, n)
if a = 3/4 + n.
(ix)F (a, 1− 3 a; 5/4− 2 a; −1/8)
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=
33 a+5/4Γ (4/3) Γ (11/12) Γ (5/8− a) Γ (9/8− a)
25 a+2Γ (7/8) Γ (11/8)Γ (13/12− a) Γ (2/3− a) .
(x)F (5/4− 3 a, a+ 1/4; 5/4− 2 a; −1/8)
=
33 a+3/4Γ (4/3) Γ (11/12)Γ (5/8− a) Γ (9/8− a)
25 a+5/4Γ (7/8) Γ (11/8) Γ (13/12− a) Γ (2/3− a) .
(xi)F (a, a+ 1/4; 5/4− 2 a; 1/9)
=
35 a+5/4Γ (4/3) Γ (11/12) Γ (5/8− a) Γ (9/8− a)
28 a+2Γ (7/8) Γ (11/8)Γ (13/12− a) Γ (2/3− a)
(The above is identical to (1/9.2) in [Gos], (6.5) in [GS] and (1.4) in [Ka]).
(xii)F (1− 3 a, 5/4− 3 a; 5/4− 2 a; 1/9)
=
313/4−3 aΓ (4/3) Γ (11/12)Γ (5/8− a) Γ (9/8− a)
25−4 aΓ (7/8) Γ (11/8) Γ (13/12− a) Γ (2/3− a) .
(xiii)F (3/4− a, 3 a− 1/4; 2 a+ 3/4; −1/8)
=
31/2−3 aΓ (2/3) Γ (7/12) Γ (a + 7/8) Γ (a + 3/8)
23/4−5 aΓ (7/8) Γ (3/8) Γ (a+ 2/3) Γ (a + 7/12)
.
(xiv)F (3 a, 1− a; 2 a+ 3/4; −1/8)
=
3−3 aΓ (2/3) Γ (7/12) Γ (a+ 7/8) Γ (a + 3/8)
2−5 aΓ (7/8) Γ (3/8) Γ (a+ 2/3) Γ (a+ 7/12)
.
(xv)F (3 a, 3 a− 1/4; 2 a+ 3/4; 1/9)
=
33 aΓ (2/3) Γ (7/12)Γ (a+ 7/8) Γ (a + 3/8)
24 aΓ (7/8) Γ (3/8)Γ (a+ 2/3) Γ (a+ 7/12)
.
(xvi)F (1− a, 3/4− a; 2 a+ 3/4; 1/9)
=
32−5 aΓ (2/3) Γ (7/12)Γ (a+ 7/8) Γ (a+ 3/8)
23−8 aΓ (7/8) Γ (3/8) Γ (a+ 2/3) Γ (a+ 7/12)
(The above is identical to (1/9.3) in [Gos], (6.6) in [GS] and (1.5) in [Ka]).
(xvii)F (1− 3 a, 3/4− a; 2− 4 a; −8)
=


33n (1/4, n) (2/3, n)
22n (1/12, n) (5/6, n)
if a = 1/3 + n,
0 if a = 2/3 + n,
−11 · 33n (23/12, n) (7/3, n)
22n−1 (7/4, n) (5/2, n)
if a = 2 + n,
33n (2/3, n) (13/12, n)
22n (1/2, n) (5/4, n)
if a = 3/4 + n
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(The fourth case is identical to Theorem 8 in [Ek]).
(xviii)F (1− a, 5/4− 3 a; 2− 4 a; −8)
=


33n (11/12, n) (4/3, n)
22n (3/2, n) (3/4, n)
if a = 1 + n,
33n (3/4, n) (1/3, n)
22n (11/12, n) (1/6, n)
if a = 5/12 + n,
−13
5
33n+1 (25/12, n) (5/3, n)
22n (9/4, n) (3/2, n)
if a = 7/4 + n,
0 if a = 13/12 + n
(The first case is identical to Theorem 10 in [Ek]).
(xix)F (1− 3 a, 5/4− 3 a; 2− 4 a; 8/9)
=


25/6−2 aΓ (1/4) Γ (2/3) Γ (1/2− a) Γ (5/4− a)
33 a−5/4Γ (1/12)Γ (5/6) Γ (2/3− a) Γ (13/12− a) ,
−11 (7/3, n) (23/12, n)
22n−133n+10 (5/2, n) (7/4, n)
if a = 2 + n,
−13
5
(5/3, n) (25/12, n)
22n33n+7 (9/4, n) (3/2, n)
if a = 7/4 + n
(The first case is identical to (3.5) in [Ka]).
(xx)F (1− a, 3/4− a; 2− 4 a; 8/9)
=


25/6−2 aΓ (1/4)Γ (2/3) Γ (1/2− a) Γ (5/4− a)
3−a−3/4Γ (1/12) Γ (5/6)Γ (2/3− a) Γ (13/12− a) ,
3n (4/3, n) (11/12, n)
22n (3/2, n) (3/4, n)
if a = 1 + n,
3n (13/12, n) (2/3, n)
22n (5/4, n) (1/2, n)
if a = 3/4 + n.
(xxi)F (3 a, a+ 1/4; 5/4; 9) =


26n (1/3, n)
(13/12, n)
if a = −n,
26n+3 (2/3, n)
5 (17/12, n)
if a = −1/3− n,
0 if a = −2/3− n,
26n (7/12, n)
(4/3, n)
if a = −1/4− n.
(xxii)F (1− a, 5/4− 3 a; 5/4; 9) =


26n (11/12, n)
(5/3, n)
if a = 1 + n,
26n (1/3, n)
(13/12, n)
if a = 5/12 + n,
−26n+2 (2/3, n)
5 (17/12, n)
if a = 3/4 + n,
0 if a = 13/12 + n.
41
(xxiii)F (3 a, 1− a; 5/4; 9/8) =


(1/3, n)
(−2)3n (13/12, n) if a = −n,
− (2/3, n)
5 (−2)3n (17/12, n) if a = −1/3− n,
0 if a = −2/3− n,
(−2)3n (11/12, n)
(5/3, n)
if a = 1 + n.
(xxiv)F (5/4− 3 a, a+ 1/4; 5/4; 9/8)
=


(1/3, n)
(−2)3n (13/12, n) if a = 5/12 + n,
− (2/3, n)
5 (−2)3n+1 (17/12, n) if a = 3/4 + n,
0 if a = 13/12 + n,
(−2)3n (7/12, n)
(4/3, n)
if a = −1/4− n.
(1,3,4-5), (1,3,4-6), (1,3,4-8) The special values obtained from (1,3,4-5), (1,3,4-
6) and (1,3,4-8) coincide with those obtained from (1,3,4-4).
(1,3,4-7) The special values obtained from (1,3,4-7) coincide with those obtained
from (1,3,4-3).
4.4.3 (k, l,m) = (1, 4, 4)
In this case, we have
(a, b, c, x) = (a, 4 a+ 1, 4 a, 4/3), S(n) =
(−1)n 28n (a+ 1, n) (3 a, 3n)
34n (4 a, 4n)
, (1,4,4-1)
(a, b, c, x) = (a, 4 a− 4, 4 a− 2, 4/3), S(n) = 4 a− 3
(−3)n (4 a− 3 + 4n) . (1,4,4-2)
(1,4,4-1)
(i)F (a, 4 a+ 1; 4 a; 4/3)
=


0 if a = −1− n,
(−1)n 28n (1/4, n) (7/4, 3n)
34n (2, 4n)
if a = −1/4− n,
(−1)n 28n+1 (1/2, n) (5/2, 3n)
34n+1 (3, 4n)
if a = −1/2− n,
5 (−1)n 28n−1 (3/4, n) (13/4, 3n)
34n+2 (4, 4n)
if a = −3/4− n.
The special values obtained from (ii) and (iii) are trivial.
(iv)F (3 a, 4 a+ 1; 4 a; 4)
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=

0 if a = −1/3− 1/3n,
(−1)n 28n (1/4, n) (7/4, 3n)
(2, 4n)
if a = −1/4− n,
(−1)n+1 28n+1 (1/2, n) (5/2, 3n)
(3, 4n)
if a = −1/2− n,
5 (−1)n 28n−1 (3/4, n) (13/4, 3n)
(4, 4n)
if a = −3/4− n.
(v)F (a, 4 a+ 1; a + 2; −1/3) = 2−8 a34 a (a + 1)
(The above is a special case of (4.3)).
(vi)F (2, 1− 3 a; a+ 2; −1/3) = 3/4 a+ 3/4
(The above is a special case of (4.4)).
(vii)F (a, 1− 3 a; a + 2; 1/4) = 2−6 a33a (a + 1)
(The above is a special case of (4.3)).
(viii)F (2, 4 a+ 1; a + 2; 1/4) = 4/3 a+ 4/3
(The above is a special case of (4.4)).
(ix)F (a, 1− 3 a; −3 a; 3/4) =


0,
33n (4/3, 4n)
26n (4/3, n) (1, 3n)
if a = 1/3 + n,
5 · 33n (8/3, 4n)
26n+2 (5/3, n) (2, 3n)
if a = 2/3 + n,
33n+3 (4, 4n)
26n+4 (2, n) (3, 3n)
if a = 1 + n.
The special values obtained from (x) and (xi) are trivial.
(xii)F (−4 a, 1− 3 a; −3 a; −3) =


0 if a = 1/4 + n,
0 if a = 1/2 + n,
0 if a = 3/4 + n,
33n (4/3, 4n)
(4/3, n) (1, 3n)
if a = 1/3 + n,
5 · 33n (8/3, 4n)
(5/3, n) (2, 3n)
if a = 2/3 + n,
33n+3 (4, 4n)
(2, n) (3, 3n)
if a = 1 + n.
(xiii)F (2, 4 a+ 1; 3 a+ 2; 3/4) = 12 a+ 4
(The above is a special case of (4.4)).
(xiv)F (3 a, 1− a; 3 a+ 2; 3/4) = 2−2 a (3 a+ 1)
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(The above is a special case of (4.3)).
(xv)F (3 a, 4 a+ 1; 3 a+ 2; −3) =


28n (1− 12n) if a = −1/4− n,
28n+2 (−2− 12n) if a = −1/2− n,
28n+4 (−5− 12n) if a = −3/4− n
(The above are special cases of (4.3)).
(xvi)F (2, 1− a; 3 a+ 2; −3) = 3/4n+ 1 if a = 1 + n
(The above is a special case of (4.4)).
(xvii)F (2, 1− 3 a; 2− 4 a; 4/3) = 4n+ 1 if a = 1/3 + 1/3n
(The above is a special case of (4.4)).
(xviii)F (−4 a, 1− a; 2− 4 a; 4/3) = − (−3)−n−1 (4n+ 3) if a = 1 + n
(The above is a special case of (4.3)).
(xix)F (−4 a, 1− 3 a; 2− 4 a; 4) = (−3)n (4n+ 1) if a = 1/3 + 1/3n
(The above is a special case of (4.3)).
(xx)F (2, 1− a; 2− 4 a; 4) = 4/3n+ 1 if a = 1 + n
(The above is a special case of (4.4)). The special values obtained from (xxi) are
trivial.
(xxii)F (−4 a, 1− a; −a; −1/3) =


0,
(4, 4n)
3n (2, n) (3, 3n)
if a = 1 + n.
(xxiii)F (3 a, 1− a; −a; 1/4) =


0,
(4, 4n)
22n (2, n) (3, 3n)
if a = 1 + n
(The first case is identical to (29.3) in [Ge]). The special values obtained from (xxiv)
are trivial.
(1,4,4-2) The special values obtained from (1,4,4-2) coincide with those obtained
from (1,4,4-1).
4.4.4 (k, l,m) = (1, 5, 4)
In this case, there is no admissible quadruple.
4.4.5 (k, l,m) = (2, 2, 4)
In this case, we have
(a, b, c, x) = (a, b, 2 a, 2), (2,2,4-1)
(a, b, c, x) = (a, b, 2 b, 2). (2,2,4-2)
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(2,2,4-1), (2,2,4-2) The special values obtained from (2,2,4-1) and (2,2,4-2) co-
incide with those obtained from (1,2,2-1).
4.4.6 (k, l,m) = (2, 3, 4)
In this case, we have

(a, b, c, x) = (a, 3/2 a− 1/4, 2 a, 8 + 4√3),
S(n) =
33/2n
(√
3 + 2
)3n
(1/2 a+ 7/12, n)
22n (1/2 a+ 3/4, n)
,
(2,3,4-1)


(a, b, c, x) = (a, 3/2 a− 1/4, 2 a, 8− 4√3),
S(n) =
33/2n
(√
3− 2)3n (1/2 a+ 7/12, n)
22n (1/2 a+ 3/4, n)
.
(2,3,4-2)
(2,3,4-1)
(i)F (a, 3/2 a− 1/4; 2 a; 8 + 4
√
3)
=


5 · 33/2n+1/2 (2 +√3)3n+3 (17/12, n)
22n+2 (5/4, n)
if a = −2 − 2n,
−33/2n+1/2 (2 +√3)3n+2 (11/12, n)
22n+1 (3/4, n)
if a = −1− 2n,
33/2n
(
2 +
√
3
)3n
(1/3, n)
22n (1/6, n)
if a = 1/6− 2n,
−33/2n+1 (2 +√3)3n+4 (5/3, n)
22n (3/2, n)
if a = −5/2− 2n,
0 if a = −7/6− 2n
(The first case is identical to Theorem 28 in [Ek]).
(ii)F (a, 1/2 a+ 1/4; 2 a; 8 + 4
√
3)
=


5 · 33/2n+1/2 (−2−√3)n+1 (17/12, n)
22n+2 (5/4, n)
if a = −2 − 2n,
−33/2n+1/2 (−2−√3)n (11/12, n)
22n+1 (3/4, n)
if a = −1− 2n,
33/2n
(−2 −√3)n (2/3, n)
22n (1/2, n)
if a = −1/2− 2n
(The third case is identical to Theorem 16 in [Ek]).
(iii)F (a, 1/2 a+ 1/4; 2 a; 8− 4
√
3)
=


5 · 33/2n+1/2 (2−√3)n+1 (17/12, n)
22n+2 (5/4, n)
if a = −2− 2n,
33/2n+1/2
(
2−√3)n (11/12, n)
22n+1 (3/4, n)
if a = −1− 2n,
33/2n
(
2−√3)n (2/3, n)
22n (1/2, n)
if a = −1/2− 2n
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(The third case is identical to Theorem 16 in [Ek]).
(iv)F (a, 3/2 a− 1/4; 2 a; 8− 4
√
3)
=


5 · 33/2n+1/2 (√3− 2)3n+3 (17/12, n)
22n+2 (5/4, n)
if a = −2− 2n,
33/2n+1/2
(√
3− 2)3n+2 (11/12, n)
22n+1 (3/4, n)
if a = −1− 2n,
33/2n
(√
3− 2)3n (1/3, n)
22n (1/6, n)
if a = 1/6− 2n,
−33/2n+1 (√3− 2)3n+4 (5/3, n)
22n (3/2, n)
if a = −5/2− 2n,
0 if a = −7/6− 2n
(The first case is identical to Theorem 28 in [Ek]).
(v)F (a, 3/2 a− 1/4; 1/2 a+ 3/4; −7− 4
√
3)
=


24n33/2n
(−2 −√3)3n (5/12, n)
(1/4, n)
if a = −2n,
−24n+233/2n+1/2 (−2−√3)3n+2 (11/12, n)
(3/4, n)
if a = −1− 2n,
24n33/2n
(−2 −√3)3n (1/3, n)
(1/6, n)
if a = 1/6− 2n,
24n+133/2n+1/2
(−2 −√3)3n+1 (2/3, n)
(1/2, n)
if a = −1/2− 2n,
0 if a = −7/6− 2n
(The first case is identical to Theorem 31 in [Ek]).
(vi)F (1− a, 3/4− 1/2 a; 1/2 a+ 3/4; −7− 4
√
3)
=


24n
(−2−√3)n (5/4, n)
33/2n (13/12, n)
if a = 1 + 2n,
−24n+2 (−2−√3)n (7/4, n)
7 · 33/2n−1/2 (19/12, n) if a = 2 + 2n,
24n
(−2−√3)n (3/2, n)
33/2n (4/3, n)
if a = 3/2 + 2n.
(vii)F (a, 1− a; 1/2 a+ 3/4; 1/2 + 1/4
√
3)
=
4
(
2−√3)1/2 a−1/4√pi sin (pi (1/2 a+ 1/12)) Γ (1/2 a+ 3/4)
33/4 a+3/8Γ (2/3)Γ (1/2 a+ 7/12)
(The above is a generalization of Theorem 37 in [Ek]). We derive the above formula
using the algebraic transformation
F (a, 1− a, 1/2 a+ 3/4, x)
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= (16x2 − 16x+ 1)1/8−3/4 a(1− x)1/2 a−1/4
× F (1/4 a− 1/24, 1/4 a+ 7/24, 1/2 a+ 3/4,−108x(1− x)/(16x2 − 16x+ 1)3)
and connection formulae for the hypergeometric series (see (25)–(44) in 2.9 in [Erd]).
(viii)F (3/4− 1/2 a, 3/2 a− 1/4; 1/2 a+ 3/4; 1/2 + 1/4
√
3)
=
2a+3/2
√
pi sin (pi (1/2 a+ 1/12)) Γ (1/2 a+ 3/4)
33/4 a+3/8Γ (2/3)Γ (1/2 a+ 7/12)
.
(ix)F (a, 1− a; 5/4− 1/2 a; 1/2− 1/4
√
3)
=
(
2−√3)1/2 a−1/4 Γ(1/3)Γ (5/4− 1/2 a)
35/8−3/4 a
√
piΓ (13/12− 1/2 a)
(The above is a generalization of Theorem 37 in [Ek]).
(x)F (5/4− 3/2 a, 1/2 a+ 1/4; 5/4− 1/2 a; 1/2− 1/4
√
3)
=
21/2−a Γ(1/3)Γ (5/4− 1/2 a)
35/8−3/4 a
√
piΓ (13/12− 1/2 a) .
(xi)F (a, 1/2 a+ 1/4; 5/4− 1/2 a; −7 + 4
√
3)
=
2−2 a
(
2 +
√
3
)1/2 a+1/4
Γ(1/3)Γ (5/4− 1/2 a)
35/8−3/4 a
√
piΓ (13/12− 1/2 a) .
(xii)F (1− a, 5/4− 3/2 a; 5/4− 1/2 a; −7 + 4
√
3)
=
22 a−2
(
2−√3)3/2 a−5/4 Γ(1/3)Γ (5/4− 1/2 a)
35/8−3/4 a
√
piΓ (13/12− 1/2 a)
(The above is a generalization of Theorem 31 in [Ek]). The special values obtained
from (xiii)-(xxiv) are contained in the above those.
(2,3,4-2) The special values obtained from (2,3,4-2) coincide with those obtained
from (2,3,4-1).
4.4.7 (k, l,m) = (2, 4, 4)
In this case, we have
(a, b, c, x) = (a, b, 2 a, 2), (2,4,4-1)

(a, b, c, x) = (a, 2 a− 1/2, 2 a,−2 + 2√2),
S(n) =
22n
(√
2− 1)4n (1/2 a+ 3/8, n) (1/2 a+ 5/8, n)
(a+ 1/2, 2n)
,
(2,4,4-2)


(a, b, c, x) = (a, 2 a− 1/2, 2 a,−2− 2√2),
S(n) =
22n
(√
2 + 1
)4n
(1/2 a+ 3/8, n) (1/2 a+ 5/8, n)
(a + 1/2, 2n)
.
(2,4,4-3)
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(2,4,4-1) The special values obtained from (2,4,4-1) are evaluated in the case
(1,2,2-1).
(2,4,4-2)
(i)F (a, 2 a− 1/2; 2 a; −2 + 2
√
2)
=


21/4−a
(√
2− 1)1/2−2 a√piΓ (a+ 1/2)
Γ (1/2 a+ 3/8)Γ (1/2 a+ 5/8)
,
5
(√
2− 1)4n+4 (13/8, n) (11/8, n)
4 (7/4, n) (5/4, n)
if a = −2 − 2n,
− (√2− 1)4n+3 (9/8, n) (7/8, n)
2 (5/4, n) (3/4, n)
if a = −1− 2n.
(ii)F (1/2, a; 2 a; −2 + 2
√
2)
=


21/4−a
(
1 +
√
2
)1/2√
piΓ (a+ 1/2)
Γ (1/2 a+ 3/8) Γ (1/2 a+ 5/8)
,
5 (13/8, n) (11/8, n)
4 (7/4, n) (5/4, n)
if a = −2− 2n,(
1 +
√
2
)
(9/8, n) (7/8, n)
2 (5/4, n) (3/4, n)
if a = −1− 2n
(The second case is identical to Theorem 33 in [Ek]).
(iii)F (1/2, a; 2 a; −2− 2
√
2)
=


5 (13/8, n) (11/8, n)
4 (7/4, n) (5/4, n)
if a = −2− 2n,(
1−√2) (9/8, n) (7/8, n)
2 (5/4, n) (3/4, n)
if a = −1 − 2n
(The first case is identical to Theorem 33 in [Ek]).
(iv)F (a, 2 a− 1/2; 2 a; −2− 2
√
2)
=


5
(
1 +
√
2
)4n+4
(13/8, n) (11/8, n)
4 (7/4, n) (5/4, n)
if a = −2− 2n,(
1 +
√
2
)4n+3
(9/8, n) (7/8, n)
2 (5/4, n) (3/4, n)
if a = −1− 2n,(
1 +
√
2
)4n
(1/2, n) (1/4, n)
(5/8, n) (1/8, n)
if a = 1/4− 2n,
√
2
(
1 +
√
2
)4n+1
(3/4, n) (1/2, n)
(7/8, n) (3/8, n)
if a = −1/4− 2n,
0 if a = −3/4− 2n,
0 if a = −5/4− 2n.
48
(v)F (a, 2 a− 1/2; a+ 1/2; 3− 2
√
2) =
23/4−3 a
(√
2− 1)1/2−2 a√piΓ (a + 1/2)
Γ (1/2 a+ 3/8)Γ (1/2 a+ 5/8)
(The above is a generalization of Theorem 25 in [Ek]).
(vi)F (1/2, 1− a; a+ 1/2; 3− 2
√
2) =
2−a−1/4(1 +
√
2)1/2
√
piΓ (a+ 1/2)
Γ (1/2 a+ 3/8) Γ (1/2 a+ 5/8)
.
(vii)F (a, 1− a; a+ 1/2; 1/2− 1/2
√
2) =
23/4−2 a
(√
2− 1)1/2−a√piΓ (a+ 1/2)
Γ (1/2 a+ 3/8) Γ (1/2 a+ 5/8)
(The above is a generalization of Theorem 36 in [Ek]).
(viii)F (1/2, 2 a− 1/2; a+ 1/2; 1/2− 1/2
√
2) =
21/4−a
√
piΓ (a+ 1/2)
Γ (1/2 a+ 3/8) Γ (1/2 a+ 5/8)
.
(ix)F (a, 1− a; 3/2− a; 1/2 + 1/2
√
2)
=


(√
2− 1)2n (3/4, n) (5/4, n)
22n (7/8, n) (9/8, n)
if a = −2n,
1
5
(√
2− 1)2n+2 (5/4, n) (7/4, n)
22n (11/8, n) (13/8, n)
if a = −1− 2n,
22n
(
1 +
√
2
)2n
(3/8, n) (5/8, n)
(1/4, n) (3/4, n)
if a = 1 + 2n,
22n
(
1 +
√
2
)2n+2
(7/8, n) (9/8, n)
(3/4, n) (5/4, n)
if a = 2 + 2n
(The third case is identical to Theorem 36 in [Ek]).
(x)F (1/2, 3/2− 2 a; 3/2− a; 1/2 + 1/2
√
2)
=


(1/4, n) (1/2, n)
(1/8, n) (5/8, n)
if a = 3/4 + 2n,
−√2 (1/2, n) (3/4, n)
(3/8, n) (7/8, n)
if a = 5/4 + 2n,
0 if a = 7/4 + 2n,
0 if a = 9/4 + 2n.
(xi)F (1/2, a; 3/2− a; 3 + 2
√
2)
=


(3/4, n) (5/4, n)
(7/8, n) (9/8, n)
if a = −2n,
2
(
1−√2) (5/4, n) (7/4, n)
5 (11/8, n) (13/8, n)
if a = −1− 2n.
(xii)F (1− a, 3/2− 2 a; 3/2− a; 3 + 2
√
2)
49
=

(4n+ 1) 24n
(
1 +
√
2
)4n
(3/8, n) (5/8, n)
(3/4, n) (5/4, n)
if a = 1 + 2n,
−24n+1 (1 +√2)4n+3 (7/8, n) (9/8, n)
(3/4, n) (5/4, n)
if a = 2 + 2n,
24n
(
1 +
√
2
)4n
(1/4, n) (1/2, n)
(1/8, n) (5/8, n)
if a = 3/4 + 2n,
24n+3/2
(
1 +
√
2
)4n+1
(1/2, n) (3/4, n)
(3/8, n) (7/8, n)
if a = 5/4 + 2n,
0 if a = 7/4 + 2n,
0 if a = 9/4 + 2n
(The first case is identical to Theorem 25 in [Ek]). The special values obtained from
(xiii)-(xxiv) coincide with the above.
(2,4,4-3) The special values obtained from (2,4,4-3) coincide with those obtained
from (2,4,4-2).
4.4.8 (k, l,m) = (2, 5, 4)
In this case, we have

(a, b, c, x) = (a, 5/2 a− 1, 2 a,−1/2 + 1/2√5),
S(n) =
55/2n
(√
5− 1)5n (1/2 a+ 2/5, n) (1/2 a+ 3/5, n)
211n (1/2 a+ 1/4, n) (1/2 a+ 3/4, n)
,
(2,5,4-1)


(a, b, c, x) = (a, 5/2 a− 1, 2 a,−1/2− 1/2√5),
S(n) =
55/2n
(√
5 + 1
)5n
(1/2 a+ 2/5, n) (1/2 a+ 3/5, n)
211n (1/2 a+ 1/4, n) (1/2 a+ 3/4, n)
,
(2,5,4-2)


(a, b, c, x) = (a, 5/2 a− 1/2, 2 a,−1/2 + 1/2√5),
S(n) =
55/2n
(√
5− 1)5n (1/2 a+ 3/10, n) (1/2 a+ 7/10, n)
211n (1/2 a+ 1/4, n) (1/2 a+ 3/4, n)
,
(2,5,4-3)


(a, b, c, x) = (a, 5/2 a− 1/2, 2 a,−1/2− 1/2√5),
S(n) =
55/2n
(√
5 + 1
)5n
(1/2 a+ 3/10, n) (1/2 a+ 7/10, n)
211n (1/2 a+ 1/4, n) (1/2 a+ 3/4, n)
.
(2,5,4-4)
(2,5,4-1)
(i)F (a, 5/2 a− 1; 2 a; −1/2 + 1/2
√
5)
=


51/2−5/4 a
(√
5− 1)1−5/2 a Γ (3/5) Γ (4/5) Γ (a+ 1/2)
29/5−9/2 aΓ (9/10) Γ (1/2 a+ 2/5) Γ (1/2 a+ 3/5)
,
55/2n+1/2
(√
5− 1)5n+5 (8/5, n) (7/5, n)
211n+6 (7/4, n) (5/4, n)
if a = −2 − 2n,
−55/2n+1/2 (√5− 1)5n+4 (11/10, n) (9/10, n)
211n+6 (5/4, n) (3/4, n)
if a = −1− 2n.
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(ii)F (a, 1− 1/2 a; 2 a; −1/2 + 1/2
√
5)
=


51/2−5/4 a
(√
5− 1)1/2 a−1 Γ (3/5) Γ (4/5) Γ (a+ 1/2)
2−3/2 a−1/5Γ (9/10)Γ (1/2 a+ 2/5) Γ (1/2 a+ 3/5)
,
55/2n+1/2
(√
5 + 1
)n+1
(8/5, n) (7/5, n)
27n+2 (7/4, n) (5/4, n)
if a = −2− 2n,
55/2n+1/2
(√
5 + 1
)n+2
(11/10, n) (9/10, n)
27n+4 (5/4, n) (3/4, n)
if a = −1− 2n
(The first case is a generalization of Theorem 24 in [Ek]).
(iii)F (a, 1− 1/2 a; 2 a; −1/2− 1/2
√
5)
=


55/2n+1/2
(√
5− 1)n+1 (8/5, n) (7/5, n)
27n+2 (7/4, n) (5/4, n)
if a = −2 − 2n,
−55/2n+1/2 (√5− 1)n+2 (11/10, n) (9/10, n)
27n+4 (5/4, n) (3/4, n)
if a = −1− 2n,
25n
(√
5 + 1
)n
(5/4, n) (7/4, n)
55/2n (7/5, n) (8/5, n)
if a = 2 + 2n.
(iv)F (a, 5/2 a− 1; 2 a; −1/2− 1/2
√
5)
=


55/2n+1/2
(√
5 + 1
)5n+5
(8/5, n) (7/5, n)
211n+6 (7/4, n) (5/4, n)
if a = −2− 2n,
55/2n+1/2
(√
5 + 1
)5n+4
(11/10, n) (9/10, n)
211n+6 (5/4, n) (3/4, n)
if a = −1− 2n,
55/2n
(√
5 + 1
)5n
(1/5, n) (2/5, n)
211n (11/20, n) (1/20, n)
if a = 2/5− 2n,
55/2n+1
(√
5 + 1
)5n+2
(4/5, n) (3/5, n)
211n+3 (19/20, n) (9/20, n)
if a = −2/5− 2n,
0 if a = −4/5− 2n,
0 if a = −6/5− 2n.
(v)F (a, 5/2 a− 1; 3/2 a; 3/2− 1/2
√
5)
=


33/2 a−3/5
(√
5 + 1
)5/2 a−1
Γ (3/5) Γ (4/5) Γ (1/2 a+ 1/3) Γ (1/2 a+ 2/3)
25/2 a−155/4 a−1/2Γ (8/15) Γ (13/15)Γ (1/2 a+ 2/5) Γ (1/2 a+ 3/5)
,
55/2n+1/2
(√
5− 1)5n+5 (8/5, n) (7/5, n)
25n+533n (5/3, n) (4/3, n)
if a = −2 − 2n.
(vi)F (1− a, 1/2 a; 3/2 a; 3/2− 1/2
√
5)
=


33/2 a−3/5
(√
5 + 1
)1/2 a
Γ (3/5)Γ (4/5) Γ (1/2 a+ 1/3)Γ (1/2 a+ 2/3)
21/2 a55/4 a−1/2Γ (8/15) Γ (13/15) Γ (1/2 a+ 2/5)Γ (1/2 a+ 3/5)
,
55/2n+1/2
(√
5− 1)n+1 (8/5, n) (7/5, n)
2n+133n (5/3, n) (4/3, n)
if a = −2 − 2n
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(The second case is identical to Theorem 21 in [Ek]).
(vii)F (a, 1− a; 3/2 a; 1/2− 1/2
√
5)
=


33/2 a−3/5
(√
5 + 1
)3/2 a−1
Γ (3/5) Γ (4/5) Γ (1/2 a+ 1/3) Γ (1/2 a+ 2/3)
23/2 a−155/4 a−1/2Γ (8/15) Γ (13/15)Γ (1/2 a+ 2/5) Γ (1/2 a+ 3/5)
,
55/2n+1/2
(√
5− 1)3n+3 (8/5, n) (7/5, n)
23n+333n (5/3, n) (4/3, n)
if a = −2 − 2n.
(viii)F (1/2 a, 5/2 a− 1; 3/2 a; 1/2− 1/2
√
5)
=


33/2 a−3/5Γ (3/5) Γ (4/5)Γ (1/2 a+ 1/3) Γ (1/2 a+ 2/3)
55/4 a−1/2Γ (8/15) Γ (13/15) Γ (1/2 a+ 2/5) Γ (1/2 a+ 3/5)
,
55/2n+1/2 (8/5, n) (7/5, n)
33n (5/3, n) (4/3, n)
if a = −2− 2n.
(ix)F (a, 1− a; 2− 3/2 a; 1/2 + 1/2
√
5)
=


33n
(√
5− 1)3n (4/3, n) (2/3, n)
23n55/2n (6/5, n) (4/5, n)
if a = −2n,
33n
(√
5− 1)3n+3 (11/6, n) (7/6, n)
7 · 23n+355/2n−1/2 (17/10, n) (13/10, n) if a = −1− 2n,
55/2n
(√
5 + 1
)3n
(3/10, n) (7/10, n)
23n33n (1/6, n) (5/6, n)
if a = 1 + 2n,
55/2n+1/2
(√
5 + 1
)3n+6
(9/5, n) (11/5, n)
23n+633n (5/3, n) (7/3, n)
if a = 4 + 2n
(The third case is identical to Theorem 34 in [Ek]).
(x)F (2− 5/2 a, 1− 1/2 a; 2− 3/2 a; 1/2 + 1/2
√
5)
=


55/2n (1/5, n) (3/5, n)
(−3)3n (1/15, n) (11/15, n) if a = 4/5 + 2n,
−55/2n+1/2 (2/5, n) (4/5, n)
(−3)3n (4/15, n) (14/15, n) if a = 6/5 + 2n,
0 if a = 8/5 + 2n,
55/2n (4/5, n) (6/5, n)
(−3)3n (2/3, n) (4/3, n) if a = 2 + 2n,
0 if a = 12/5 + 2n.
(xi)F (a, 1− 1/2 a; 2− 3/2 a; 3/2 + 1/2
√
5)
=


33n
(√
5− 1)n (4/3, n) (2/3, n)
2n55/2n (6/5, n) (4/5, n)
if a = −2n,
−33n (√5− 1)n+2 (11/6, n) (7/6, n)
7 · 2n+255/2n−1/2 (17/10, n) (13/10, n) if a = −1− 2n,
55/2n
(√
5 + 1
)n
(4/5, n) (6/5, n)
2n33n (2/3, n) (4/3, n)
if a = 2 + 2n
52
(The third case is identical to Theorem 22 in [Ek]).
(xii)F (1− a, 2− 5/2 a; 2− 3/2 a; 3/2 + 1/2
√
5)
=


55/2n
(√
5 + 1
)5n
(3/10, n) (7/10, n)
25n33n (1/6, n) (5/6, n)
if a = 1 + 2n,
−55/2n+1/2 (√5 + 1)5n+9 (9/5, n) (11/5, n)
25n+933n (5/3, n) (7/3, n)
if a = 4 + 2n,
55/2n
(√
5 + 1
)5n
(1/5, n) (3/5, n)
25n33n (1/15, n) (11/15, n)
if a = 4/5 + 2n,
55/2n+1/2
(√
5 + 1
)5n+1
(2/5, n) (4/5, n)
25n+133n (4/15, n) (14/15, n)
if a = 6/5 + 2n,
0 if a = 8/5 + 2n,
0 if a = 12/5 + 2n.
(xiii)F (1/2 a, 5/2 a− 1; 3/2 a; 1/2 + 1/2
√
5)
=


−55/2n+1/2 (8/5, n) (7/5, n)
(−3)3n (5/3, n) (4/3, n) if a = −2 − 2n,
55/2n (2/5, n) (1/5, n)
(−3)3n (7/15, n) (2/15, n) if a = 2/5− 2n,
−55/2n+1 (4/5, n) (3/5, n)
(−3)3n+1 (13/15, n) (8/15, n) if a = −2/5− 2n,
0 if a = −4/5− 2n,
0 if a = −6/5− 2n.
(xiv)F (a, 1− a; 3/2 a; 1/2 + 1/2
√
5)
=


55/2n+1/2
(√
5 + 1
)3n+3
(8/5, n) (7/5, n)
23n+333n (5/3, n) (4/3, n)
if a = −2− 2n,
55/2n+1/2
(√
5 + 1
)3n+3
(11/10, n) (9/10, n)
23n+333n+1 (7/6, n) (5/6, n)
if a = −1− 2n,
33n
(√
5− 1)3n (5/6, n) (7/6, n)
23n55/2n (9/10, n) (11/10, n)
if a = 1 + 2n,
−33n−1 (√5− 1)3n+3 (4/3, n) (5/3, n)
23n+355/2n (7/5, n) (8/5, n)
if a = 2 + 2n
(The first case is identical to Theorem 35 in [Ek]).
(xv)F (a, 5/2 a− 1; 3/2 a; 3/2 + 1/2
√
5)
53
=

55/2n+1/2
(√
5 + 1
)5n+5
(8/5, n) (7/5, n)
25n+533n (5/3, n) (4/3, n)
if a = −2− 2n,
−55/2n+1/2 (√5 + 1)5n+4 (11/10, n) (9/10, n)
25n+433n+1 (7/6, n) (5/6, n)
if a = −1 − 2n,
55/2n
(√
5 + 1
)5n
(2/5, n) (1/5, n)
25n33n (7/15, n) (2/15, n)
if a = 2/5− 2n,
55/2n+1
(√
5 + 1
)5n+2
(4/5, n) (3/5, n)
25n+233n+1 (13/15, n) (8/15, n)
if a = −2/5− 2n,
0 if a = −4/5− 2n,
0 if a = −6/5− 2n.
(xvi)F (1/2 a, 1− a; 3/2 a; 3/2 + 1/2
√
5)
=


55/2n+1/2
(√
5 + 1
)n+1
(8/5, n) (7/5, n)
2n+133n (5/3, n) (4/3, n)
if a = −2− 2n,
33n
(√
5− 1)n (5/6, n) (7/6, n)
2n55/2n (9/10, n) (11/10, n)
if a = 1 + 2n,
33n−1
(√
5− 1)n+2 (4/3, n) (5/3, n)
2n+255/2n (7/5, n) (8/5, n)
if a = 2 + 2n
(The first case is identical to Theorem 21 in [Ek]).
(xvii)F (1/2 a, 1− a; 2− 2 a; −1/2 + 1/2
√
5)
=


2−3/2 a
(√
5− 1)−1/2 a Γ (6/5) Γ (4/5)Γ (3/2− a)
5−5/4 aΓ (3/2) Γ (6/5− 1/2 a) Γ (4/5− 1/2 a) ,
7 · 55/2n+1/2 (√5 + 1)n+1 (13/10, n) (17/10, n)
27n+5 (5/4, n) (7/4, n)
if a = 3 + 2n,
55/2n
(√
5 + 1
)n+2
(4/5, n) (6/5, n)
27n+3 (3/4, n) (5/4, n)
if a = 2 + 2n
(The first case is a generalization of Theorem 23 in [Ek]).
(xviii)F (1− a, 2− 5/2 a; 2− 2 a; −1/2 + 1/2
√
5)
=


22−9/2 a
(√
5− 1)5/2 a−2 Γ (6/5) Γ (4/5) Γ (3/2− a)
5−5/4 aΓ(3/2)Γ (6/5− 1/2 a) Γ (4/5− 1/2 a) ,
7 · 55/2n+1/2 (√5− 1)5n+5 (13/10, n) (17/10, n)
211n+9 (5/4, n) (7/4, n)
if a = 3 + 2n,
55/2n
(√
5− 1)5n+4 (4/5, n) (6/5, n)
211n+5 (3/4, n) (5/4, n)
if a = 2 + 2n,
(xix)F (1− a, 2− 5/2 a; 2− 2 a; −1/2− 1/2
√
5)
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=

7 · 55/2n+1/2 (√5 + 1)5n+5 (13/10, n) (17/10, n)
211n+9 (5/4, n) (7/4, n)
if a = 3 + 2n,
55/2n
(√
5 + 1
)5n+4
(4/5, n) (6/5, n)
211n+5 (3/4, n) (5/4, n)
if a = 2 + 2n,
55/2n
(√
5 + 1
)5n
(1/5, n) (3/5, n)
211n (3/20, n) (13/20, n)
if a = 4/5 + 2n,
55/2n+1/2
(√
5 + 1
)5n+1
(2/5, n) (4/5, n)
211n+2 (7/20, n) (17/20, n)
if a = 6/5 + 2n,
0 if a = 8/5 + 2n,
0 if a = 12/5 + 2n.
(xx)F (1/2 a, 1− a; 2− 2 a; −1/2− 1/2
√
5)
=


25n
(√
5 + 1
)n
(5/4, n) (3/4, n)
55/2n (6/5, n) (4/5, n)
if a = −2n,
7 · 55/2n+1/2 (√5− 1)n+1 (13/10, n) (17/10, n)
27n+5 (5/4, n) (7/4, n)
if a = 3 + 2n,
55/2n
(√
5− 1)n+2 (4/5, n) (6/5, n)
27n+3 (3/4, n) (5/4, n)
if a = 2 + 2n.
(xxi)F (a, 1− 1/2 a; 2− 3/2 a; 3/2− 1/2
√
5)
=


3−3/2 a
(√
5 + 1
)−1/2 a
Γ (6/5) Γ (4/5) Γ (4/3− 1/2 a) Γ (2/3− 1/2 a)
2−1/2 a5−5/4 aΓ (4/3) Γ (2/3) Γ (6/5− 1/2 a) Γ (4/5− 1/2 a) ,
55/2n
(√
5− 1)n (4/5, n) (6/5, n)
2n33n (2/3, n) (4/3, n)
if a = 2 + 2n
(The second case is identical to Theorem 22 in [Ek]).
(xxii)F (1− a, 2− 5/2 a; 2− 3/2 a; 3/2− 1/2
√
5)
=


3−3/2 a
(√
5 + 1
)1−5/2 a
Γ (6/5) Γ (4/5) Γ (4/3− 1/2 a) Γ (2/3− 1/2 a)
21−5/2 a5−5/4 aΓ (4/3) Γ (2/3) Γ (6/5− 1/2 a) Γ (4/5− 1/2 a) ,
−55/2n+1/2 (√5− 1)5n+9 (9/5, n) (11/5, n)
25n+933n (5/3, n) (7/3, n)
if a = 4 + 2n.
(xxiii)F (a, 1− a; 2− 3/2 a; 1/2− 1/2
√
5)
=


3−3/2 a
(√
5 + 1
)−3/2 a
Γ (6/5) Γ (4/5) Γ (4/3− 1/2 a) Γ (2/3− 1/2 a)
2−3/2 a5−5/4 aΓ (4/3) Γ (2/3) Γ (6/5− 1/2 a) Γ (4/5− 1/2 a) ,
−55/2n+1/2 (√5− 1)3n+6 (9/5, n) (11/5, n)
23n+633n (5/3, n) (7/3, n)
if a = 4 + 2n.
(xxiv)F (2− 5/2 a, 1− 1/2 a; 2− 3/2 a; 1/2− 1/2
√
5)
55
=

3−3/2 a
(√
5− 1)Γ (6/5) Γ (4/5) Γ (4/3− 1/2 a) Γ (2/3− 1/2 a)
2 · 5−5/4 aΓ (4/3) Γ (2/3) Γ (6/5− 1/2 a) Γ (4/5− 1/2 a) ,
55/2n (4/5, n) (6/5, n)
33n (2/3, n) (4/3, n)
if a = 2 + 2n.
(2,5,4-2), (2,5,4-3), (2,5,4-4) The special values obtained from (2,5,4-2), (2,5,4-
3) and (2,5,4-4) coincide with those obtained from (2,5,4-1).
4.4.9 (k, l,m) = (2, 6, 4)
In this case, we have
(a, b, c, x) = (a, b, 2 a, 2), (2,6,4-1)
(a, b, c, x) = (a, b, b+ 1− a,−1), (2,6,4-2)
(a, b, c, x) = (a, b, 1/2 a+ 1/2 b+ 1/2, 1/2), (2,6,4-3)
(a, b, c, x) = (a, 3 a− 1, 2 a, 1/2 + 1/2 i
√
3), (2,6,4-4)
(a, b, c, x) = (a, 3 a− 1, 2 a, 1/2− 1/2 i
√
3). (2,6,4-5)
(2,6,4-1), (2,6,4-2), (2,6,4-3) The special values obtained from (2,6,4-1), (2,6,4-
2) and (2,6,4-3) are evaluated in paragraphs (1,2,2-1) and (0,2,2-1).
(2,6,4-4), (2,6,4-5) The special values obtained from (2,6,4-4) and (2,6,4-5) co-
incide with those obtained from (1,3,2-1).
4.5 m = 5
4.5.1 (k, l,m) = (0, 5, 5)
In this case, we have
(a, b, c, x) = (1, b, b, λ), S(n) = 1, (0,5,5-1)
(a, b, c, x) = (0, b, b+ 1, λ), S(n) = 1, (0,5,5-2)
where λ is a solution of x4 + x3 + x2 + x+ 1 = 0.
(0,5,5-1) The special values obtained from (0,5,5-1) except trivial values are the
special cases of (4.2).
(0,5,5-2) The special values obtained from (0,5,5-2) coincide with those obtained
from (0,5,5-1).
4.5.2 (k, l,m) = (1, 4, 5)
In this case, there is no admissible quadruple.
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4.5.3 (k, l,m) = (1, 5, 5)
In this case, we have
(a, b, c, x) = (a, 5 a+ 1, 5 a, 5/4), S(n) =
(−5)5n (a+ 1, n) (4 a, 4n)
210n (5 a, 5n)
, (1,5,5-1)
(a, b, c, x) = (a, 5 a− 5, 5 a− 3, 5/4), S(n) = 5 a− 4
(−4)n (5 a− 4 + 5n) . (1,5,5-2)
(1,5,5-1)
(i)F (a, 5 a+ 1; 5 a; 5/4) =


0 if a = −1 − n,
(−5)5n (1/5, n) (9/5, 4n)
210n (2, 5n)
if a = −1/5− n,
3 (−5)5n (2/5, n) (13/5, 4n)
210n+2 (3, 5n)
if a = −2/5− n,
7 (−5)5n (3/5, n) (17/5, 4n)
210n+4 (4, 5n)
if a = −3/5− n,
11 (−5)5n (4/5, n) (21/5, 4n)
210n+6 (5, 5n)
if a = −4/5− n.
The special values obtained from (ii) and (iii) are trivial.
(iv)F (4 a, 5 a+ 1; 5 a; 5) =


0 if a = −1/4− 1/4n,
55n (1/5, n) (9/5, 4n)
(2, 5n)
if a = −1/5− n,
−3 · 55n (2/5, n) (13/5, 4n)
(3, 5n)
if a = −2/5− n,
7 · 55n (3/5, n) (17/5, 4n)
(4, 5n)
if a = −3/5− n,
−11 · 55n (4/5, n) (21/5, 4n)
(5, 5n)
if a = −4/5− n.
(v)F (a, 5 a+ 1; a + 2; −1/4) = 210 a5−5a (a + 1)
(The above is a special case of (4.3)).
(vi)F (2, 1− 4 a; a+ 2; −1/4) = 4/5 a+ 4/5
(The above is a special case of (4.4)).
(vii)F (a, 1− 4 a; a + 2; 1/5) = 28 a5−4a (a + 1)
(The above is a special case of (4.3)).
(viii)F (2, 5 a+ 1; a + 2; 1/5) = 5/4 a+ 5/4
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(The above is a special case of (4.4)).
(ix)F (a, 1− 4 a; −4 a; 4/5) =


0,
28n (9/4, 5n)
54n (5/4, n) (2, 4n)
if a = 1/4 + n,
3 · 28n+1 (7/2, 5n)
54n+1 (3/2, n) (3, 4n)
if a = 1/2 + n,
77 · 28n−1 (19/4, 5n)
54n+2 (7/4, n) (4, 4n)
if a = 3/4 + n,
28n+8 (6, 5n)
54n+3 (2, n) (5, 4n)
if a = 1 + n.
The special values obtained from (x) and (xi) are trivial.
(xii)F (−5 a, 1− 4 a; −4 a; −4) =


0 if a = 1/5 + n,
0 if a = 2/5 + n,
0 if a = 3/5 + n,
0 if a = 4/5 + n,
28n (9/4, 5n)
(5/4, n) (2, 4n)
if a = 1/4 + n,
3 · 28n+1 (7/2, 5n)
(3/2, n) (3, 4n)
if a = 1/2 + n,
77 · 28n−1 (19/4, 5n)
(7/4, n) (4, 4n)
if a = 3/4 + n,
28n+8 (6, 5n)
(2, n) (5, 4n)
if a = 1 + n.
(xiii)F (2, 5 a+ 1; 4 a+ 2; 4/5) = 5 (4 a+ 1)
(The above is a special case of (4.4)).
(xiv)F (4 a, 1− a; 4 a+ 2; 4/5) = 5−a (4 a+ 1)
(The above is a special case of (4.3)).
(xv)F (4 a, 5 a+ 1; 4 a+ 2; −4) =


−55n (20n− 1) if a = −1/5− n,
−55n+1 (20n+ 3) if a = −2/5− n,
−55n+2 (20n+ 7) if a = −3/5− n,
−55n+3 (20n+ 11) if a = −4/5− n
(The above are special cases of (4.3)).
(xvi)F (2, 1− a; 4 a+ 2; −4) = 4/5n+ 1 if a = 1 + n
(The above is a special case of (4.4)).
(xvii)F (2, 1− 4 a; 2− 5 a; 5/4) = 5n+ 1 if a = 1/4 + 1/4n
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(The above is a special case of (4.4)).
(xviii)F (−5 a, 1− a; 2− 5 a; 5/4) = − (−4)−n−1 (5n+ 4) if a = 1 + n
(The above is a special case of (4.3)).
(xix)F (−5 a, 1− 4 a; 2− 5 a; 5) =


28n (20n+ 1) if a = 1/4 + n,
−28n+2 (20n+ 6) if a = 1/2 + n,
28n+4 (20n+ 11) if a = 3/4 + n,
−28n+14 (20n+ 36) if a = 2 + n
(The above are special cases of (4.3)).
(xx)F (2, 1− a; 2− 5 a; 5) = 5/4n+ 1 if a = 1 + n
(The above is a special case of (4.4)). The special values obtained from (xxi) are
trivial.
(xxii)F (−5 a, 1− a; −a; −1/4) =


0,
(5, 5n)
22n (2, n) (4, 4n)
if a = 1 + n
(The first case is identical to (29.6) in [Ge]).
(xxiii)F (4 a, 1− a; −a; 1/5) =


0,
(5, 5n)
5n (2, n) (4, 4n)
if a = 1 + n.
The special values obtained from (xxiv) are trivial.
(1,5,5-2) The special values obtained from (1,5,5-2) coincide with those obtained
from (1,5,5-1).
4.5.4 (k, l,m) = (1, 6, 5)
In this case, we have
(a, b, c, x) = (a, b, b+ 1− a,−1). (1,6,5-1)
(1,6,5-1) The special values obtained from (1,6,5-1) are evaluated in paragraphs
(1,2,2-1) and (0,2,2-1).
4.5.5 (k, l,m) = (2, 3, 5)
In this case, there is no admissible quadruple.
4.5.6 (k, l,m) = (2, 4, 5)
In this case, there is no admissible quadruple.
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4.5.7 (k, l,m) = (2, 5, 5)
In this case, we have
(a, b, c, x) = (a, 5/2 a+ 1, 5/2 a, 5/3), S(n) =
55n (a+ 1, 2n) (3/2 a, 3n)
35n (5/2 a, 5n)
, (2,5,5-1)
(a, b, c, x) = (a, 5/2 a− 5/2, 5/2 a− 1/2, 5/3), S(n) = 2
2n(5 a− 3)
5 a− 3 + 10n. (2,5,5-2)
(2,5,5-1)
(i)F (a, 5/2 a+ 1; 5/2 a; 5/3)
=


0 if a = −1− n,
55n (2/5, 2n) (8/5, 3n)
35n (2, 5n)
if a = −2/5− 2n,
55n (4/5, 2n) (11/5, 3n)
35n+1 (3, 5n)
if a = −4/5− 2n,
−2 · 55n (6/5, 2n) (14/5, 3n)
35n+2 (4, 5n)
if a = −6/5− 2n,
−7 · 55n (8/5, 2n) (17/5, 3n)
35n+3 (5, 5n)
if a = −8/5− 2n.
The special values obtained from (ii) and (iii) are trivial.
(iv)F (3/2 a, 5/2 a+ 1; 5/2 a; 5/2)
=


0 if a = −2/3− 2/3n,
(−5)5n (2/5, 2n) (8/5, 3n)
25n (2, 5n)
if a = −2/5− 2n,
− (−5)5n (4/5, 2n) (11/5, 3n)
25n+1 (3, 5n)
if a = −4/5− 2n,
− (−5)5n (6/5, 2n) (14/5, 3n)
25n+1 (4, 5n)
if a = −6/5− 2n,
7 (−5)5n (8/5, 2n) (17/5, 3n)
25n+3 (5, 5n)
if a = −8/5− 2n.
(v)F (a, 5/2 a+ 1; a+ 2; −2/3) = 35/2 a5−5/2 a (a+ 1)
(The above is a special case of (4.3)).
(vi)F (2, 1− 3/2 a; a + 2; −2/3) = 3/5 a+ 3/5
(The above is a special case of (4.4)).
(vii)F (a, 1− 3/2 a; a+ 2; 2/5) = 33/2 a5−3/2 a (a + 1)
(The above is a special case of (4.3) and is a generalization of Theorem 38 in [Ek]).
(viii)F (2, 5/2 a+ 1; a+ 2; 2/5) = 5/3 a+ 5/3
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(The above is a special case of (4.4)).
(ix)F (a, 1− 3/2 a; −3/2 a; 3/5)
=


0,
33n (8/3, 5n)
53n (5/3, 2n) (2, 3n)
if a = 2/3 + 2n,
7 · 33n (13/3, 5n)
53n+1 (7/3, 2n) (3, 3n)
if a = 4/3 + 2n,
18 · 33n+1 (6, 5n)
53n+2 (3, 2n) (4, 3n)
if a = 2 + 2n.
The special values obtained from (x) and (xi) are trivial.
(xii)F (−5/2 a, 1− 3/2 a; −3/2 a; −3/2)
=


0 if a = 2/5 + 2n,
0 if a = 4/5 + 2n,
0 if a = 6/5 + 2n,
0 if a = 8/5 + 2n,
33n (8/3, 5n)
23n (5/3, 2n) (2, 3n)
if a = 2/3 + 2n,
7 · 33n (13/3, 5n)
23n+1 (7/3, 2n) (3, 3n)
if a = 4/3 + 2n,
33n+3 (6, 5n)
23n+1 (3, 2n) (4, 3n)
if a = 2 + 2n.
(xiii)F (2, 5/2 a+ 1; 3/2 a+ 2; 3/5) = 15/4 a+ 5/2
(The above is a special case of (4.4)).
(xiv)F (3/2 a, 1− a; 3/2 a+ 2; 3/5) = 2a−15−a (3 a+ 2)
(The above is a special case of (4.3)).
(xv)F (3/2 a, 5/2 a+ 1; 3/2 a+ 2; −3/2)
=


2−5n−155n (2− 15n) if a = −2/5− 2n,
2−5n−255n+1 (−1 − 15n) if a = −4/5− 2n,
2−5n−355n+2 (−4 − 15n) if a = −6/5− 2n,
2−5n−455n+3 (−7 − 15n) if a = −8/5− 2n
(The above are special cases of (4.3)).
(xvi)F (2, 1− a; 3/2 a+ 2; −3/2) = 3/5n+ 1 if a = 1 + n
(The above is a special case of (4.4)).
(xvii)F (2, 1− 3/2 a; 2− 5/2 a; 5/3) = 5/2n+ 1 if a = 2/3 + 2/3n
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(The above is a special case of (4.4)).
(xviii)F (−5/2 a, 1− a; 2− 5/2 a; 5/3) = (−2)n 3−n−1 (5n+ 3) if a = 1 + n
(The above is a special case of (4.3)).
(xix)F (−5/2 a, 1− 3/2 a; 2− 5/2 a; 5/2)
= 2−n−1 (−3)n (5n+ 2) if a = 2/3 + 2/3n
(The above is a special case of (4.3)).
(xx)F (2, 1− a; 2− 5/2 a; 5/2) = 5/3n+ 1 if a = 1 + n
(The above is a special case of (4.4)). The special values obtained from (xxi) are
trivial.
(xxii)F (−5/2 a, 1− a; −a; −2/3) =


0,
22n (5/2, 5n)
32n (2, 2n) (3/2, 3n)
if a = 1 + 2n,
22n+3 (5, 5n)
32n+1 (3, 2n) (3, 3n)
if a = 2 + 2n.
(xxiii)F (3/2 a, 1− a; −a; 2/5) =


0,
22n (5/2, 5n)
52n (2, 2n) (3/2, 3n)
if a = 1 + 2n,
22n+3 (5, 5n)
52n+1 (3, 2n) (3, 3n)
if a = 2 + 2n.
The special values obtained from (xxiv) are trivial.
(2,5,5-2) The special values obtained from (2,5,5-2) coincide with those obtained
from (2,5,5-1).
4.5.8 (k, l,m) = (2, 6, 5)
In this case, there is no admissible quadruple.
4.5.9 (k, l,m) = (2, 7, 5)
In this case, there is no admissible quadruple.
4.6 m = 6
4.6.1 (k, l,m) = (0, 6, 6)
In this case, we have
(a, b, c, x) = (a, b, b+ 1− a,−1), (0,6,6-1)
(a, b, c, x) = (1, b, b, λ), (0,6,6-2)
(a, b, c, x) = (0, b, b+ 1, λ), (0,6,6-3)
(a, b, c, x) = (1, b, b, µ), (0,6,6-4)
(a, b, c, x) = (0, b, b+ 1, µ)., (0,6,6-5)
where λ and µ are solutions of x2 + x+ 1 = 0 and x2 − x+ 1 = 0, respectively.
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(0,6,6-1) The special values obtained from (0,6,6-1) are contained in those from
(1,2,2-1) and (0,2,2-1).
(0,6,6-2) The special values obtained from (0,6,6-2) except trivial values are spe-
cial cases of (4.2).
(0,6,6-3) The special values obtained from (0,6,6-3) coincide with those obtained
from (0,6,6-2).
(0,6,6-4) The special values obtained from (0,6,6-4) except trivial values are spe-
cial cases of (4.2).
(0,6,6-5) The special values obtained from (0,6,6-5) coincide with those obtained
from (0,6,6-4).
4.6.2 (k, l,m) = (1, 5, 6)
In this case, we have

(a, b, c, x) = (a, 5 a− 1/2, 6 a,−4),
S(n) =
55n (a + 1/5, n) (a + 4/5, n) (a + 3/10, n) (a + 7/10, n)
36n (a+ 1/3, n) (a+ 2/3, n) (a+ 1/6, n) (a + 5/6, n)
,
(1,5,6-1)


(a, b, c, x) = (a, 5 a− 3/2, 6 a− 1,−4),
S(n) =
55n (a + 2/5, n) (a + 3/5, n) (a− 1/10, n) (a+ 1/10, n)
36n (a+ 1/3, n) (a+ 2/3, n) (a− 1/6, n) (a+ 1/6, n) ,
(1,5,6-2)


(a, b, c, x) = (a, 5 a− 5/2, 6 a− 3,−4),
S(n) =
55n (a− 1/5, n) (a+ 1/5, n) (a− 3/10, n) (a + 3/10, n)
36n (a− 1/3, n) (a+ 1/3, n) (a− 1/6, n) (a + 1/6, n) ,
(1,5,6-3)


(a, b, c, x) = (a, 5 a− 7/2, 6 a− 4,−4),
S(n) =
55n (a− 3/5, n) (a− 2/5, n) (a− 1/10, n) (a+ 1/10, n)
36n (a− 2/3, n) (a− 1/3, n) (a− 1/6, n) (a+ 1/6, n) .
(1,5,6-4)
(1,5,6-1)
(i)F (a, 5 a− 1/2; 6 a; −4)
=


14 · 55n (9/5, n) (6/5, n) (17/10, n) (13/10, n)
36n+1 (5/3, n) (4/3, n) (11/6, n) (7/6, n)
if a = −1− n,
55n (7/10, n) (1/10, n) (3/5, n) (1/5, n)
36n (17/30, n) (7/30, n) (11/15, n) (1/15, n)
if a = 1/10− n,
55n+1 (9/10, n) (3/10, n) (4/5, n) (2/5, n)
36n+1 (23/30, n) (13/30, n) (14/15, n) (4/15, n)
if a = −1/10− n,
0 if a = −3/10− n,
13 · 55n+1 (23/10, n) (17/10, n) (11/5, n) (9/5, n)
36n+1 (13/6, n) (11/6, n) (7/3, n) (5/3, n)
if a = −3/2− n,
0 if a = −7/10− n.
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(ii)F (5 a, a+ 1/2; 6 a; −4)
=


14 · 55n (9/5, n) (6/5, n) (17/10, n) (13/10, n)
36n+1 (5/3, n) (4/3, n) (11/6, n) (7/6, n)
if a = −1− n,
0 if a = −1/5− n,
55n+2 (6/5, n) (3/5, n) (11/10, n) (7/10, n)
7 · 36n+1 (16/15, n) (11/15, n) (37/30, n) (17/30, n) if a = −2/5− n,
55n+3 (7/5, n) (4/5, n) (13/10, n) (9/10, n)
26 · 36n+1 (19/15, n) (14/15, n) (43/30, n) (23/30, n) if a = −3/5− n,
0 if a = −4/5− n,
55n (13/10, n) (7/10, n) (6/5, n) (4/5, n)
36n (7/6, n) (5/6, n) (4/3, n) (2/3, n)
if a = −1/2− n.
(iii)F (a, a+ 1/2; 6 a; 4/5)

36 a−3/5Γ (3/5) Γ (4/5) Γ (2 a+ 1/3)Γ (2 a+ 2/3)
54 a−1/2Γ (8/15) Γ (13/15)Γ (2 a+ 2/5) Γ (2 a+ 3/5)
,
14 · 54n−1 (9/5, n) (6/5, n) (17/10, n) (13/10, n)
36n+1 (5/3, n) (4/3, n) (11/6, n) (7/6, n)
if a = −1− n,
54n (13/10, n) (7/10, n) (6/5, n) (4/5, n)
36n (7/6, n) (5/6, n) (4/3, n) (2/3, n)
if a = −1/2− n.
(iv)F (5 a, 5 a− 1/2; 6 a; 4/5)

36 a−3/5Γ (3/5) Γ (4/5) Γ (2 a+ 1/3) Γ (2 a+ 2/3)
Γ (8/15)Γ (13/15)Γ (2 a+ 2/5) Γ (2 a+ 3/5)
,
14
55
(9/5, n) (6/5, n) (17/10, n) (13/10, n)
36n+1 (5/3, n) (4/3, n) (11/6, n) (7/6, n)
if a = −1 − n,
13
57
(11/5, n) (9/5, n) (23/10, n) (17/10, n)
36n+1 (7/3, n) (5/3, n) (13/6, n) (11/6, n)
if a = −3/2− n.
(v)F (a, 5 a− 1/2; 1/2; 5) =


26n (7/10, n) (3/10, n)
(3/5, n) (2/5, n)
if a = −n,
26n (3/5, n) (1/5, n)
(1/2, n) (3/10, n)
if a = 1/10− n,
26n+1 (4/5, n) (2/5, n)
(7/10, n) (1/2, n)
if a = −1/10− n,
0 if a = −3/10− n,
26n+4 (6/5, n) (4/5, n)
(11/10, n) (9/10, n)
if a = −1/2− n,
0 if a = −7/10− n.
64
(vi)F (1− 5 a, 1/2− a; 1/2; 5) =


26n (3/5, n) (4/5, n)
(1/2, n) (9/10, n)
if a = 1/5 + n,
0 if a = 2/5 + n,
0 if a = 3/5 + n,
26n+6 (6/5, n) (7/5, n)
5 (11/10, n) (3/2, n)
if a = 4/5 + n,
−26n+7 (7/5, n) (8/5, n)
7 (13/10, n) (17/10, n)
if a = 1 + n,
26n (9/10, n) (11/10, n)
(4/5, n) (6/5, n)
if a = 1/2 + n.
(vii)F (a, 1− 5 a; 1/2; 5/4)
=


(−16)n (7/10, n) (3/10, n)
(3/5, n) (2/5, n)
if a = −n,
(3/5, n) (4/5, n)
(−16)n (1/2, n) (9/10, n) if a = 1/5 + n,
0 if a = 2/5 + n,
0 if a = 3/5 + n,
− (6/5, n) (7/5, n)
5 (−16)n (11/10, n) (3/2, n) if a = 4/5 + n,
− (7/5, n) (8/5, n)
14 (−16)n (13/10, n) (17/10, n) if a = 1 + n.
(viii)F (5 a− 1/2, 1/2− a; 1/2; 5/4)
=


(3/5, n) (1/5, n)
(−16)n (1/2, n) (3/10, n) if a = 1/10− n,
− (4/5, n) (2/5, n)
2 (−16)n (7/10, n) (1/2, n) if a = −1/10− n,
0 if a = −3/10− n,
− (6/5, n) (4/5, n)
4 (−16)n (11/10, n) (9/10, n) if a = −1/2− n,
0 if a = −7/10− n,
(−16)n (9/10, n) (11/10, n)
(4/5, n) (6/5, n)
if a = 1/2 + n.
(ix)F (a, 1− 5 a; 3/2− 4 a; −1/4)
=
55 aΓ (4/5) Γ (6/5) Γ (3/2− 4 a)
28 aΓ (3/2) Γ (4/5− 2 a) Γ (6/5− 2 a) .
(x)F (3/2− 5 a, a+ 1/2; 3/2− 4 a; −1/4)
=
55 a−1/2Γ (4/5) Γ (6/5) Γ (3/2− 4 a)
28 a−1Γ (3/2) Γ (4/5− 2 a) Γ (6/5− 2 a) .
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(xi)F (a, a+ 1/2; 3/2− 4 a; 1/5) = 5
6 aΓ (4/5) Γ (6/5) Γ (3/2− 4 a)
210 aΓ (3/2) Γ (4/5− 2 a) Γ (6/5− 2 a)
(The above is a generalization of Theorem 20 in [Ek]).
(xii)F (1− 5 a, 3/2− 5 a; 3/2− 4 a; 1/5)
=
5 Γ (4/5) Γ (6/5) Γ (3/2− 4 a)
22−2 aΓ (3/2) Γ (4/5− 2 a) Γ (6/5− 2 a) .
(xiii)F (5 a− 1/2, 1/2− a; 4 a+ 1/2; −1/4)
=
28 a−4Γ (7/5) Γ (8/5) Γ (4 a+ 1/2)
55 a−5/2Γ (5/2) Γ (2 a+ 2/5) Γ (2 a+ 3/5)
.
(xiv)F (5 a, 1− a; 4 a+ 1/2; −1/4) = 2
8 a−3Γ (7/5) Γ (8/5) Γ (4 a+ 1/2)
55 a−2Γ (5/2) Γ (2 a+ 2/5) Γ (2 a+ 3/5)
.
(xv)F (5 a, 5 a− 1/2; 4 a+ 1/2; 1/5) = 25 · 2
−2a−3Γ (7/5) Γ (8/5) Γ (4 a+ 1/2)
Γ (5/2) Γ (2 a+ 2/5) Γ (2 a+ 3/5)
.
(xvi)F (1− a, 1/2− a; 4 a+ 1/2; 1/5) = 2
10 a−5Γ (7/5) Γ (8/5) Γ (4 a+ 1/2)
56 a−3Γ (5/2) Γ (2 a+ 2/5) Γ (2 a+ 3/5)
(The above is a generalization of Theorem 19 in [Ek]).
(xvii)F (1− 5 a, 1/2− a; 2− 6 a; −4)
=


55n (1/10, n) (3/10, n) (3/5, n) (4/5, n)
36n (1/30, n) (11/30, n) (8/15, n) (13/15, n)
if a = 1/5 + n,
0 if a = 2/5 + n,
0 if a = 3/5 + n,
55n+3 (7/10, n) (9/10, n) (6/5, n) (7/5, n)
7 · 36n+1 (19/30, n) (29/30, n) (17/15, n) (22/15, n) if a = 4/5 + n,
−22 · 55n (19/10, n) (21/10, n) (12/5, n) (13/5, n)
36n (11/6, n) (13/6, n) (7/3, n) (8/3, n)
if a = 2 + n,
55n (2/5, n) (3/5, n) (9/10, n) (11/10)
36n (1/3, n) (2/3, n) (5/6, n) (7/6, n)
if a = 1/2 + n.
(xviii)F (1− a, 3/2− 5 a; 2− 6 a; −4)
=


55n (9/10, n) (11/10, n) (7/5, n) (8/5, n)
36n (5/6, n) (7/6, n) (4/3, n) (5/3, n)
if a = 1 + n,
55n (1/5, n) (2/5, n) (7/10, n) (9/10, n)
36n (2/15, n) (7/15, n) (19/30, n) (29/30, n)
if a = 3/10 + n,
−11 · 55n (7/5, n) (8/5, n) (19/10, n) (21/10, n)
7 · 36n−1 (4/3, n) (5/3, n) (11/6, n) (13/6, n) if a = 3/2 + n,
55n+2 (3/5, n) (4/5, n) (11/10, n) (13/10, n)
11 · 36n (8/15, n) (13/15, n) (31/30, n) (41/30, n) if a = 7/10 + n,
0 if a = 9/10 + n,
0 if a = 11/10 + n.
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(xix)F (1− 5 a, 3/2− 5 a; 2− 6 a; 4/5)
=


36/5−6 aΓ (2/5)Γ (4/5) Γ (2/3− 2 a) Γ (4/3− 2 a)
Γ (4/15) Γ (14/15) Γ (4/5− 2 a) Γ (6/5− 2 a) ,
−22 (19/10, n) (21/10, n) (12/5, n) (13/5, n)
5936n (11/6, n) (13/6, n) (7/3, n) (8/3, n)
if a = 2 + n,
−11 (7/5, n) (8/5, n) (19/10, n) (21/10, n)
56 · 7 · 36n−1 (4/3, n) (5/3, n) (11/6, n) (13/6, n) if a = 3/2 + n.
(xx)F (1− a, 1/2− a; 2− 6 a; 4/5)
=


36/5−6 aΓ (2/5) Γ (4/5) Γ (2/3− 2 a) Γ (4/3− 2 a)
51/2−4 aΓ (4/15)Γ (14/15)Γ (4/5− 2 a) Γ (6/5− 2 a) ,
54n (9/10, n) (11/10, n) (7/5, n) (8/5, n)
36n (5/6, n) (7/6, n) (4/3, n) (5/3, n)
if a = 1 + n,
54n (2/5, n) (3/5, n) (9/10, n) (11/10, n)
36n (1/3, n) (2/3, n) (5/6, n) (7/6, n)
if a = 1/2 + n.
(xxi)F (5 a, a+ 1/2; 3/2; 5) =


26n (4/5, n) (1/5, n)
(11/10, n) (9/10, n)
if a = −n,
0 if a = −1/5− n,
26n+4 (6/5, n) (3/5, n)
15 (3/2, n) (13/10, n)
if a = −2/5− n,
26n+6 (7/5, n) (4/5, n)
35 (17/10, n) (3/2, n)
if a = −3/5− n,
0 if a = −4/5− n,
26n (13/10, n) (7/10, n)
(8/5, n) (7/5, n)
if a = −1/2− n.
(xxii)F (1− a, 3/2− 5 a; 3/2; 5) =


26n (9/10, n) (11/10, n)
(6/5, n) (9/5, n)
if a = 1 + n,
26n (1/5, n) (2/5, n)
(1/2, n) (11/10, n)
if a = 3/10 + n,
−26n+1 (2/5, n) (3/5, n)
3 (7/10, n) (13/10, n)
if a = 1/2 + n,
26n+3 (3/5, n) (4/5, n)
5 (9/10, n) (3/2, n)
if a = 7/10 + n,
0 if a = 9/10 + n,
0 if a = 11/10 + n.
(xxiii)F (5 a, 1− a; 3/2; 5/4)
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=

(4/5, n) (1/5, n)
(−16)n (11/10, n) (9/10, n) if a = −n,
0 if a = −1/5− n,
(6/5, n) (3/5, n)
15 (−16)n (3/2, n) (13/10, n) if a = −2/5− n,
− (7/5, n) (4/5, n)
35 (−16)n (17/10, n) (3/2, n) if a = −3/5− n,
0 if a = −4/5− n,
(−16)n (9/10, n) (11/10, n)
(6/5, n) (9/5, n)
if a = 1 + n.
(xxiv)F (a+ 1/2, 3/2− 5 a; 3/2; 5/4)
=


(−16)n (13/10, n) (7/10, n)
(8/5, n) (7/5, n)
if a = −1/2− n,
(1/5, n) (2/5, n)
(−16)n (1/2, n) (11/10, n) if a = 3/10 + n,
(2/5, n) (3/5, n)
6 (−16)n (7/10, n) (13/10, n) if a = 1/2 + n,
(3/5, n) (4/5, n)
10 (−16)n (9/10, n) (3/2, n) if a = 7/10 + n,
0 if a = 9/10 + n,
0 if a = 11/10 + n.
(1,5,6-2), (1,5,6-3), (1,5,6-4) The special values obtained from (1,5,6-2), (1,5,6-
3) and (1,5,6-4) coincide with those obtained from (1,5,6-1).
4.6.3 (k, l,m) = (1, 6, 6)
In this case, we have
(a, b, c, x) = (a, 6 a+ 1, 6 a, 6/5), S(n) =
(−1)n 26n36n (a+ 1, n) (5 a, 5n)
56n (6 a, 6n)
, (1,6,6-1)
(a, b, c, x) = (a, 6 a− 6, 6 a− 4, 6/5), S(n) = 6 a− 5
(−5)n (6 a− 5 + 6n) . (1,6,6-2)
(1,6,6-1)
(i)F (a, 6 a+ 1; 6 a; 6/5)
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=

0 if a = −1− n,
(−1)n 26n36n (1/6, n) (11/6, 5n)
56n (2, 6n)
if a = −1/6− n,
(−1)n 26n+236n (1/3, n) (8/3, 5n)
56n+1 (3, 6n)
if a = −1/3− n,
(−1)n 26n−136n+3 (1/2, n) (7/2, 5n)
56n+2 (4, 6n)
if a = −1/2− n,
7 (−1)n 26n+436n−1 (2/3, n) (13/3, 5n)
56n+3 (5, 6n)
if a = −2/3− n,
1729 (−1)n 26n−336n−1 (5/6, n) (31/6, 5n)
56n+4 (6, 6n)
if a = −5/6− n.
The special values obtained from (ii) and (iii) are trivial.
(iv)F (5 a, 6 a+ 1; 6 a; 6)
=


0 if a = −1/5− 1/5n,
(−1)n 26n36n (1/6, n) (11/6, 5n)
(2, 6n)
if a = −1/6− n,
(−1)n+1 26n+236n (1/3, n) (8/3, 5n)
(3, 6n)
if a = −1/3− n,
(−1)n 26n−136n+3 (1/2, n) (7/2, 5n)
(4, 6n)
if a = −1/2− n,
7 (−1)n+1 26n+436n−1 (2/3, n) (13/3, 5n)
(5, 6n)
if a = −2/3− n,
1729 (−1)n 26n−336n−1 (5/6, n) (31/6, 5n)
(6, 6n)
if a = −5/6− n.
(v)F (a, 6 a+ 1; a + 2; −1/5) = 56 a6−6 a (a + 1)
(The above is a special case of (4.3)).
(vi)F (2, 1− 5 a; a+ 2; −1/5) = 5/6 a+ 5/6
(The above is a special case of (4.4)).
(vii)F (a, 1− 5 a; a + 2; 1/6) = 55 a6−5a (a + 1)
(The above is a special case of (4.3)).
(viii)F (2, 6 a+ 1; a + 2; 1/6) = 6/5 a+ 6/5
(The above is a special case of (4.4)).
(ix)F (a, 1− 5 a; −5 a; 5/6)
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=

0,
55n (6/5, 6n)
25n35n (6/5, n) (1, 5n)
if a = 1/5 + n,
7 · 55n (12/5, 6n)
25n+135n+1 (7/5, n) (2, 5n)
if a = 2/5 + n,
13 · 55n (18/5, 6n)
25n35n+2 (8/5, n) (3, 5n)
if a = 3/5 + n,
133 · 55n (24/5, 6n)
25n+335n+2 (9/5, n) (4, 5n)
if a = 4/5 + n,
55n+5 (6, 6n)
25n+435n+4 (2, n) (5, 5n)
if a = 1 + n.
The special values obtained from (x) and (xi) are trivial.
(xii)F (−6 a, 1− 5 a; −5 a; −5) =


0 if a = 1/6 + n,
0 if a = 1/3 + n,
0 if a = 1/2 + n,
0 if a = 2/3 + n,
0 if a = 5/6 + n,
55n (6/5, 6n)
(6/5, n) (1, 5n)
if a = 1/5 + n,
7 · 55n (12/5, 6n)
(7/5, n) (2, 5n)
if a = 2/5 + n,
52 · 55n (18/5, 6n)
(8/5, n) (3, 5n)
if a = 3/5 + n,
399 · 55n (24/5, 6n)
(9/5, n) (4, 5n)
if a = 4/5 + n,
55n+5 (6, 6n)
(2, n) (5, 5n)
if a = 1 + n.
(xiii)F (2, 6 a+ 1; 5 a+ 2; 5/6) = 6 (5 a+ 1)
(The above is a special case of (4.4)).
(xiv)F (5 a, 1− a; 5 a+ 2; 5/6) = 6−a (5 a+ 1)
(The above is a special case of (4.3)).
(xv)F (5 a, 6 a+ 1; 5 a+ 2; −5) =


66n (1− 30n) if a = −1/6− n,
66n+1 (−4− 30n) if a = −1/3− n,
66n+2 (−9− 30n) if a = −1/2− n,
66n+3 (−14− 30n) if a = −2/3− n,
66n+4 (−19− 30n) if a = −5/6− n
(The above are special cases of (4.3)).
(xvi)F (2, 1− a; 5 a+ 2; −5) = 5/6n+ 1 if a = 1 + n
(The above is a special case of (4.4)).
(xvii)F (2, 1− 5 a; 2− 6 a; 6/5) = 6n+ 1 if a = 1/5 + 1/5n
(The above is a special case of (4.4)).
(xviii)F (−6 a, 1− a; 2− 6 a; 6/5) = −5−n−1 (6n+ 5) if a = 1 + n
(The above is a special case of (4.3)).
(xix)F (−6 a, 1− 5 a; 2− 6 a; 6) = (−5)n (6n+ 1) if a = 1/5 + 1/5n
(The above is a special case of (4.3)).
(xx)F (2, 1− a; 2− 6 a; 6) = 6/5n+ 1 if a = 1 + n
(The above is a special case of (4.4)). The special values obtained from (xxi) are
trivial.
(xxii)F (−6 a, 1− a; −a; −1/5) =


0,
(6, 6n)
5n (2, n) (5, 5n)
if a = 1 + n.
(xxiii)F (5 a, 1− a; −a; 1/6) =


0,
(6, 6n)
2n3n (2, n) (5, 5n)
if a = 1 + n.
The special values obtained from (xxiv) are trivial.
(1,6,6-2) The special values obtained from (1,6,6-2) coincide with those obtained
from (1,6,6-1).
4.6.4 (k, l,m) = (1, 7, 6)
In this case, there is no admissible quadruple.
4.6.5 (k, l,m) = (2, 4, 6)
In this case, we have
(a, b, c, x) = (a, 2 a− 1/3, 3 a, 9), (2,4,6-1)
(a, b, c, x) = (a, 2 a− 2/3, 3 a− 1, 9), (2,4,6-2)

(a, b, c, x) = (a, 2 a− 1/3, 3 a,−9 + 6√3),
S(n) =
(−2)n (√3− 1)6n (1/2 a+ 3/4, n) (1/2 a+ 5/12, n)
33/2n (1/2 a+ 1/3, n) (1/2 a+ 5/6, n)
,
(2,4,6-3)


(a, b, c, x) = (a, 2 a− 1/3, 3 a,−9− 6√3),
S(n) =
2n
(√
3 + 1
)6n
(1/2 a+ 3/4, n) (1/2 a+ 5/12, n)
33/2n (1/2 a+ 1/3, n) (1/2 a+ 5/6, n)
,
(2,4,6-4)
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

(a, b, c, x) = (a, 2 a− 2/3, 3 a− 1,−9 + 6√3),
S(n) =
(−2)n (√3− 1)6n (1/2 a+ 1/4, n) (1/2 a+ 7/12, n)
33/2n (1/2 a+ 2/3, n) (1/2 a+ 1/6, n)
,
(2,4,6-5)


(a, b, c, x) = (a, 2 a− 2/3, 3 a− 1,−9− 6√3),
S(n) =
2n
(√
3 + 1
)6n
(1/2 a+ 1/4, n) (1/2 a+ 7/12, n)
33/2n (1/2 a+ 2/3, n) (1/2 a+ 1/6, n)
.
(2,4,6-6)
(2,4,6-1), (2,4,6-2) The special values obtained from (2,4,6-1) and (2,4,6-2) co-
incide with those obtained from (1,2,3-1).
(2,4,6-3)
(i)F (a, 2 a− 1/3; 3 a; −9 + 6
√
3)
=


7 (−2)n−3 (√3− 1)6n+6 (5/4, n) (19/12, n)
33/2n+1/2 (5/3, n) (7/6, n)
if a = −2 − 2n,
(−2)n−1 (√3− 1)6n+4 (3/4, n) (13/12, n)
33/2n+1/2 (7/6, n) (2/3, n)
if a = −1− 2n,
(−2)n (√3− 1)6n (1/6, n) (1/2, n)
33/2n (7/12, n) (1/12, n)
if a = 1/6− 2n,
−(−2)n−2 (√3− 1)6n+8 (17/12, n) (7/4, n)
33/2n−1/2 (11/6, n) (4/3, n)
if a = −7/3− 2n
0 if a = −5/6− 2n,
(−2)n−1 (√3− 1)6n+4 (11/12, n) (5/4, n)
33/2n (4/3, n) (5/6, n)
if a = −4/3− 2n.
(ii)F (2 a, a+ 1/3; 3 a; −9 + 6
√
3)
=


7 (−2)n−3 (√3− 1)6n+6 (5/4, n) (19/12, n)
33/2n+1/2 (5/3, n) (7/6, n)
if a = −2 − 2n,
−(−2)n+1 (√3− 1)6n+1 (1/2, n) (5/6, n)
33/2n+1/2 (11/12, n) (5/12, n)
if a = −1/2− 2n,
(−2)n (√3− 1)6n+2 (3/4, n) (13/12, n)
33/2n+1/2 (7/6, n) (2/3, n)
if a = −1− 2n,
0 if a = −3/2− 2n,
(−2)n (√3− 1)6n (5/12, n) (3/4, n)
33/2n (5/6, n) (1/3, n)
if a = −1/3− 2n,
(−2)n−2 (√3− 1)6n+4 (11/12, n) (5/4, n)
33/2n (4/3, n) (5/6, n)
if a = −4/3− 2n.
(iii)F (a, a+ 1/3; 3 a; 9/4 + 3/4
√
3)
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=

7 (−2)n−3 (5/4, n) (19/12, n)
33/2n+1/2 (5/3, n) (7/6, n)
if a = −2− 2n,
− (−2)n−1 (√3− 1) (3/4, n) (13/12, n)
33/2n+1/2 (7/6, n) (2/3, n)
if a = −1− 2n,
(−2)n (5/12, n) (3/4, n)
33/2n (5/6, n) (1/3, n)
if a = −1/3− 2n,
− (−2)n−2 (√3− 1) (11/12, n) (5/4, n)
33/2n (4/3, n) (5/6, n)
if a = −4/3− 2n.
(iv)F (2 a, 2 a− 1/3; 3 a; 9/4 + 3/4
√
3)
=


7
(√
3 + 1
)6n+6
(5/4, n) (19/12, n)
(−2)5n+9 33/2n+1/2 (5/3, n) (7/6, n) if a = −2− 2n,(√
3 + 1
)6n+2
(1/2, n) (5/6, n)
(−2)5n+1 33/2n+1/2 (11/12, n) (5/12, n) if a = −1/2− 2n,(√
3 + 1
)6n+4
(3/4, n) (13/12, n)
(−2)5n+4 33/2n+1/2 (7/6, n) (2/3, n) if a = −1− 2n,
0 if a = −3/2− 2n,(√
3 + 1
)6n
(1/6, n) (1/2, n)
(−2)5n 33/2n (7/12, n) (1/12, n) if a = 1/6− 2n,
− (√3 + 1)6n+7 (17/12, n) (7/4, n)
(−2)5n+9 33/2n−1/2 (11/6, n) (4/3, n) if a = −7/3− 2n,
0 if a = −5/6− 2n,(√
3 + 1
)6n+5
(11/12, n) (5/4, n)
(−2)5n+6 33/2n (4/3, n) (5/6, n) if a = −4/3− 2n.
(v)F (a, 2 a− 1/3; 2/3; 10− 6
√
3) =
33/8−9/4 a
(√
3− 1)1/2−3 a√piΓ (2/3)
21/4−3/2 aΓ (3/4− 1/2 a) Γ (1/2 a+ 5/12)
(The above is a generalization of Theorem 26 in [Ek]). We derive (v) by using (131)
in [Gour] and connection formulae for the hypergeometric series(see (25)–(44) in 2.9
in [Erd]). We find (vi)≤(v).
(vii)F (a, 1− 2 a; 2/3; 2/3− 2/9
√
3) =
33/8−3/4 a
(√
3− 1)1/2−a√piΓ (2/3)
21/4−1/2 aΓ (3/4− 1/2 a) Γ (1/2 a+ 5/12)
(The above is a generalization of Theorem 40 in [Ek]). We derive (vii) by using
(130) in [Gour] and connection formulae for the hypergeometric series(see (25)–(44)
in 2.9 in [Erd]). We find (viii)≤(vii).
(ix)F (a, 1− 2 a; 4/3− a; 1/3 + 2/9
√
3)
=
3−3/4 a
(√
3− 1)−a sin (pi (5/12− 1/2 a)) Γ (3/4) Γ (5/12)Γ (4/3− a)
21/2−7/2 aΓ (2/3) Γ (13/12− 1/2 a) Γ (3/4− 1/2 a) .
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(x)F (4/3− 2 a, a+ 1/3; 4/3− a; 1/3 + 2/9
√
3)
=
31/2−3/4 a
(√
3− 1)−a−1/3 sin (pi (5/12− 1/2 a)) Γ (3/4) Γ (5/12) Γ (4/3− a)
25/6−7/2 aΓ (2/3) Γ (13/12− 1/2 a) Γ (3/4− 1/2 a) .
We derive (ix) and (x) using formula (129) in [Gour] and connection formulae for
the hypergeometric series (see (25)–(44) in 2.9 in [Erd]).
(xi)F (a, a+ 1/3; 4/3− a; −5/4− 3/4
√
3)
=


39/2n (7/6, n) (2/3, n)
(−2)7n (13/12, n) (3/4, n) if a = −2n,
−39/2n+3/2 (√3− 1) (5/3, n) (7/6, n)
7 (−2)7n+1 (19/12, n) (5/4, n) if a = −1− 2n,
39/2n (4/3, n) (5/6, n)
(−2)7n (5/4, n) (11/12, n) if a = −1/3− 2n,
39/2n+1
(√
3− 1) (11/6, n) (4/3, n)
(−2)7n+3 (7/4, n) (17/12, n) if a = −4/3− 2n.
(xii)F (1− 2 a, 4/3− 2 a; 4/3− a; −5/4− 3/4
√
3)
=


39/2n
(√
3 + 1
)6n
(1/6, n) (1/2, n)
(−2)5n (1/12, n) (7/12, n) if a = 1/2 + 2n,
39/2n+1
(√
3 + 1
)6n+1
(5/12, n) (3/4, n)
(−2)5n+1 (1/3, n) (5/6, n) if a = 1 + 2n,
0 if a = 3/2 + 2n,
−39/2n+4 (√3 + 1)6n+5 (11/12, n) (5/4, n)
(−2)5n+6 (5/6, n) (4/3, n) if a = 2 + 2n,
39/2n
(√
3 + 1
)6n
(1/4, n) (7/12, n)
(−2)5n (1/6, n) (2/3, n) if a = 2/3 + 2n,
39/2n+3/2
(√
3 + 1
)6n+2
(1/2, n) (5/6, n)
(−2)5n+1 (5/12, n) (11/12, n) if a = 7/6 + 2n,
−39/2n+5/2 (√3 + 1)6n+4 (3/4, n) (13/12, n)
(−2)5n+4 (2/3, n) (7/6, n) if a = 5/3 + 2n,
0 if a = 13/6 + 2n.
The special values obtained from (xiii)-(xx) are contained in the above.
(xxi)F (2 a, a+ 1/3; 4/3; 10− 6
√
3)
=
3−9/4 a−5/8
(√
3− 1)−3a−1/2√piΓ (1/3)
25/4−3/2 a Γ (13/12− 1/2 a) Γ (1/2 a+ 3/4) .
(The above is a generalization of Theorem 27 in [Ek]). We derive (xxi) using formula
(133) in [Gour] and connection formulae for the hypergeometric series (see (25)–(44)
in 2.9 in [Erd]). We find (xxii)≤ (xxi).
(xxiii)F (2 a, 1− a; 4/3; 2/3− 2/9
√
3)
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=
33/4 a−5/8
(√
3− 1)a−1/2√piΓ (1/3)
21/2 a+5/4 Γ (13/12− 1/2 a) Γ (1/2 a+ 3/4)
(The above is a generalization of Theorem 39 in [Ek]). We derive (xxiii) using
formula (132) in [Gour] and connection formulae for the hypergeometric series (see
(25)–(44) in 2.9 in [Erd]). We find (xxiv)≤ (xxiii).
(2,4,6-4)
(i)F (a, 2 a− 1/3; 3 a; −9 − 6
√
3)
=


7 · 2n−3 (√3 + 1)6n+6 (5/4, n) (19/12, n)
33/2n+1/2 (5/3, n) (7/6, n)
if a = −2− 2n,
2n−1
(√
3 + 1
)6n+4
(3/4, n) (13/12, n)
33/2n+1/2 (7/6, n) (2/3, n)
if a = −1− 2n,
2n
(√
3 + 1
)6n
(1/6, n) (1/2, n)
33/2n (7/12, n) (1/12, n)
if a = 1/6− 2n,
2n−2
(√
3 + 1
)6n+8
(17/12, n) (7/4, n)
33/2n−1/2 (11/6, n) (4/3, n)
if a = −7/3− 2n
0 if a = −5/6− 2n,
−2n−1 (√3 + 1)6n+4 (11/12, n) (5/4, n)
33/2n (4/3, n) (5/6, n)
if a = −4/3− 2n.
(ii)F (2 a, a+ 1/3; 3 a; −9− 6
√
3)
=


7 · 2n−3 (√3 + 1)6n+6 (5/4, n) (19/12, n)
33/2n+1/2 (5/3, n) (7/6, n)
if a = −2− 2n,
2n+1
(√
3 + 1
)6n+1
(1/2, n) (5/6, n)
33/2n+1/2 (11/12, n) (5/12, n)
if a = −1/2− 2n,
−2n (√3 + 1)6n+2 (3/4, n) (13/12, n)
33/2n+1/2 (7/6, n) (2/3, n)
if a = −1 − 2n,
0 if a = −3/2− 2n,
2n
(√
3 + 1
)6n
(5/12, n) (3/4, n)
33/2n (5/6, n) (1/3, n)
if a = −1/3− 2n,
2n−2
(√
3 + 1
)6n+4
(11/12, n) (5/4, n)
33/2n (4/3, n) (5/6, n)
if a = −4/3− 2n.
(iii)F (a, a+ 1/3; 3 a; 9/4− 3/4
√
3)
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=

33/4 a−1/8
(√
3 + 1
)1/2√
piΓ (a+ 2/3)
23/2 a−1/4Γ (1/2 a+ 5/12) Γ (1/2 a+ 3/4)
,
7 · 2n−3 (5/4, n) (19/12, n)
33/2n+1/2 (5/3, n) (7/6, n)
if a = −2− 2n,
2n−1
(√
3 + 1
)
(3/4, n) (13/12, n)
33/2n+1/2 (7/6, n) (2/3, n)
if a = −1− 2n,
2n (5/12, n) (3/4, n)
33/2n (5/6, n) (1/3, n)
if a = −1/3− 2n,
2n−2
(√
3 + 1
)
(11/12, n) (5/4, n)
33/2n (4/3, n) (5/6, n)
if a = −4/3− 2n.
(iv)F (2 a, 2 a− 1/3; 3 a; 9/4− 3/4
√
3)
=


33/4 a−1/8
(√
3 + 1
)3 a−1/2√
piΓ (a+ 2/3)
23/2 a−1/4Γ (1/2 a+ 5/12) Γ (1/2 a+ 3/4)
,
7
(√
3− 1)6n+6 (5/4, n) (19/12, n)
25n+933/2n+1/2 (5/3, n) (7/6, n)
if a = −2 − 2n,
− (√3− 1)6n+4 (3/4, n) (13/12, n)
25n+433/2n+1/2 (7/6, n) (2/3, n)
if a = −1 − 2n,(√
3− 1)6n+7 (17/12, n) (7/4, n)
25n+933/2n−1/2 (11/6, n) (4/3, n)
if a = −7/3− 2n,
− (√3− 1)6n+5 (11/12, n) (5/4, n)
25n+633/2n (4/3, n) (5/6, n)
if a = −4/3− 2n.
(v)F (a, 2 a− 1/3; 2/3; 10 + 6
√
3)
=


39/2n
(√
3 + 1
)6n
(7/12, n)
23n (3/4, n)
if a = −2n,
39/2n+3/2
(√
3 + 1
)6n+4
(13/12, n)
23n+2 (5/4, n)
if a = −1 − 2n,
39/2n
(√
3 + 1
)6n
(1/2, n)
23n (2/3, n)
if a = 1/6− 2n,
39/2n+1
(√
3 + 1
)6n+2
(3/4, n)
23n+1 (11/12, n)
if a = −1/3− 2n,
0 if a = −5/6− 2n,
−39/2n+4 (√3 + 1)6n+4 (5/4, n)
5 · 23n+2 (17/12, n) if a = −4/3− 2n.
(The first case is identical to Theorem 26 in [Ek]). We find (vi)≤(v).
(vii)F (a, 1− 2 a; 2/3; 2/3 + 2/9
√
3)
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=

33/2n
(√
3 + 1
)2n
(7/12, n)
2n (3/4, n)
if a = −2n,
−33/2n (√3 + 1)2n+2 (13/12, n)
2n+1 (5/4, n)
if a = −1 − 2n,(√
3− 1)2n (1/2, n)
2n33/2n (2/3, n)
if a = 1/2 + 2n,
− (√3− 1)2n (3/4, n)
2n33/2n+1/2 (11/12, n)
if a = 1 + 2n,
0 if a = 3/2 + 2n,(√
3− 1)2n+2 (5/4, n)
5 · 2n+133/2n+1/2 (17/12, n) if a = 2 + 2n
(The first case is identical to Theorem 40 in [Ek]). We find (viii)≤(vii).
(ix)F (a, 1− 2 a; 4/3− a; 1/3− 2/9
√
3)
=
3−3/4 a
(√
3 + 1
)−a
Γ (3/4) Γ (13/12)Γ (2/3− 1/2 a) Γ (7/6− 1/2 a)
2−5/2 aΓ (2/3)Γ (7/6) Γ (3/4− 1/2 a) Γ (13/12− 1/2 a) .
(x)F (a+ 1/3, 4/3− 2 a; 4/3− a; 1/3− 2/9
√
3)
=
31/2−3/4 a
(√
3 + 1
)−a−1/3
Γ (3/4) Γ (13/12) Γ (2/3− 1/2 a) Γ (7/6− 1/2 a)
21/3−5/2 aΓ (2/3) Γ (7/6) Γ (3/4− 1/2 a) Γ (13/12− 1/2 a) .
(xi)F (a, a+ 1/3; 4/3− a; −5/4 + 3/4
√
3)
=
3−9/4 aΓ (3/4) Γ (13/12)Γ (2/3− 1/2 a) Γ (7/6− 1/2 a)
2−7/2 aΓ (2/3) Γ (7/6) Γ (3/4− 1/2 a) Γ (13/12− 1/2 a) .
(xii)F (1− 2 a, 4/3− 2 a; 4/3− a; −5/4 + 3/4
√
3)
=
39/4 a−3/2
(√
3 + 1
)1−3 a
Γ (3/4) Γ (13/12)Γ (2/3− 1/2 a) Γ (7/6− 1/2 a)
2−1/2 a−1Γ (2/3) Γ (7/6) Γ (3/4− 1/2 a) Γ (13/12− 1/2 a) .
The special values obtained from (xiii)-(xx) are contained in the above.
(xxi)F (2 a, a+ 1/3; 4/3; 10 + 6
√
3)
=


39/2n
(√
3 + 1
)6n
(1/4, n)
23n (13/12, n)
if a = −2n,
39/2n+3/2
(√
3 + 1
)6n+1
(1/2, n)
23n+2 (4/3, n)
if a = −1/2− 2n,
−39/2n+5/2 (√3 + 1)6n+2 (3/4, n)
7 · 23n+1 (19/12, n) if a = −1 − 2n,
0 if a = −3/2− 2n,
39/2n
(√
3 + 1
)6n
(5/12, n)
23n (5/4, n)
if a = −1/3− 2n,
39/2n+1
(√
3 + 1
)6n+4
(11/12, n)
23n+2 (7/4, n)
if a = −4/3− 2n
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(The fifth case is identical to Theorem 27 in [Ek]). We find (xxii)≤(xxi).
(xxiii)F (2 a, 1− a; 4/3; 2/3 + 2/9
√
3)
=


(√
3− 1)2n (1/4, n)
2n33/2n (13/12, n)
if a = −2n,
− (√3− 1)2n+1 (1/2, n)
2n+233/2n (4/3, n)
if a = −1/2− 2n,
− (√3− 1)2n+2 (3/4, n)
7 · 2n+133/2n+1/2 (19/12, n) if a = −1 − 2n,
0 if a = −3/2− 2n,
33/2n
(√
3 + 1
)2n
(5/12, n)
2n (5/4, n)
if a = 1 + 2n,
−33/2n−1/2 (√3 + 1)2n+2 (11/12, n)
2n+1 (7/4, n)
if a = 2 + 2n
(The fifth case is identical to Theorem 39 in [Ek]). We find (xxiv)≤(xxiii).
(2,4,6-5) The special values obtained from (2,4,6-5) coincide with those (2,4,6-3).
(2,4,6-6) The special values obtained from (2,4,6-6) coincide with those (2,4,6-4).
4.6.6 (k, l,m) = (2, 5, 6)
In this case, there is no admissible quadruple.
4.6.7 (k, l,m) = (2, 6, 6)
In this case, we get
(a, b, c, x) = (a, 3 a− 1/2, 3 a,−3), (2,6,6-1)
(a, b, c, x) = (a, 3 a− 3/2, 3 a− 1,−3), (2,6,6-2)
(a, b, c, x) = (a, 3 a+ 1, 3 a, 3/2), (2,6,6-3)
(a, b, c, x) = (a, 3 a− 3, 3 a− 1, 3/2). (2,6,6-4)
(2,6,6-1), (2,6,6-2) The special values obtained from (2,6,6-1) and (2,6,6-2) co-
incide those obtained from (1,3,3-1).
(2,6,6-3), (2,6,6-4) The special values obtained from (2,6,6-3) and (2,6,6-4) co-
incide those obtained from (1,3,3-3).
4.6.8 (k, l,m) = (2, 7, 6)
In this case, there is no admissible quadruple.
78
4.6.9 (k, l,m) = (2, 8, 6)
In this case, we have
(a, b, c, x) = (a, b, b+ 1− a,−1), (2,8,6-1)
(a, b, c, x) = (a, 4 a− 1/2, 3 a,−1), (2,8,6-2)
(a, b, c, x) = (a, 4 a− 5/2, 3 a− 1,−1). (2,8,6-3)
(2,8,6-1) The special values obtained from (2,8,6-1) are evaluated in paragraphs
(1,2,2-1) and (0,2,2-1).
(2,8,6-2), (2,8,6-3) The special values obtained from (2,8,6-2) and (2,8,6-3) co-
incide with those obtained from (1,4,3-2).
4.6.10 (k, l,m) = (3, 3, 6)
In this case, we have
(a, b, c, x) = (a, a− 1/2, 2 a, 4), S(n) = 1, (3,3,6-1)
(a, b, c, x) = (a, a+ 1/2, 2 a, 4), S(n) = 1, (3,3,6-2)
(a, b, c, x) = (a, a− 1/2, 2 a− 1, 4), S(n) = 1, (3,3,6-3)
(a, b, c, x) = (a, a+ 1/2, 2 a+ 1, 4), S(n) = 1, (3,3,6-4)
(a, b, c, x) = (a, a+ 3/2, 2 a− 1, 4), S(n) = (2 a− 3) (2 a+ 1 + 6n)
(2 a+ 1) (2 a− 3 + 6n) , (3,3,6-5)
(a, b, c, x) = (a, a− 3/2, 2 a+ 1, 4), S(n) = (2 a− 1) (2 a+ 3 + 6n)
(2 a+ 3) (2 a− 1 + 6n) , (3,3,6-6)
(a, b, c, x) = (a, a− 3/2, 2 a− 4, 4), S(n) = (a− 3) (a− 1 + 3n)
(a− 1) (a− 3 + 3n) , (3,3,6-7)
(a, b, c, x) = (a, a+ 3/2, 2 a+ 4, 4), S(n) =
(a+ 1) (a + 3 + 3n)
(a+ 3) (a + 1 + 3n)
, (3,3,6-8)
(a, b, c, x) = (a, a− 1/2, 2 a, 4/3), S(n) = (−3)−3n , (3,3,6-9)
(a, b, c, x) = (a, a+ 1/2, 2 a, 4/3), S(n) = (−3)−3n , (3,3,6-10)
(a, b, c, x) = (a, a− 1/2, 2 a− 1, 4/3), S(n) = (−3)−3n , (3,3,6-11)
(a, b, c, x) = (a, a+ 1/2, 2 a+ 1, 4/3), S(n) = (−3)−3n , (3,3,6-12)
(a, b, c, x) = (a, a− 5/2, 2 a− 1, 4/3), S(n) = (2 a− 3) (2 a+ 1 + 6n)
(−3)3n (2 a+ 1) (2 a− 3 + 6n) ,
(3,3,6-13)
(a, b, c, x) = (a, a+ 5/2, 2 a+ 1, 4/3), S(n) =
(2 a− 1) (2 a+ 3 + 6n)
(−3)3n (2 a+ 3) (2 a− 1 + 6n) ,
(3,3,6-14)
(a, b, c, x) = (a, a− 5/2, 2 a− 4, 4/3), S(n) = (a− 3) (a− 1 + 3n)
(−3)3n (a− 1) (a− 3 + 3n) ,
(3,3,6-15)
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(a, b, c, x) = (a, a+ 5/2, 2 a+ 4, 4/3), S(n) =
(a+ 1) (a + 3 + 3n)
(−3)3n (a+ 3) (a+ 1 + 3n) .
(3,3,6-16)
(3,3,6-1)
(i)F (a, a− 1/2; 2 a; 4) =


1 if a = −3 − 3n,
−2 if a = −1− 3n,
1 if a = −2 − 3n,
2 if a = −5/2− 3n,
−1 if a = −7/2− 3n,
−1 if a = −3/2− 3n.
(ii)F (a, a + 1/2; 2 a; 4) =


1 if a = −3− 3n,
0 if a = −1− 3n,
−1 if a = −2 − 3n,
1 if a = −1/2− 3n,
−1 if a = −3/2− 3n,
0 if a = −5/2− 3n.
(iii)F (a, a+ 1/2; 2 a; 4/3) =


(−3)−3n−3 if a = −3− 3n,
−2 (−3)−3n−1 if a = −1 − 3n,
(−3)−3n−2 if a = −2− 3n,
(−3)−3n if a = −1/2− 3n,
− (−3)−3n−1 if a = −3/2− 3n,
0 if a = −5/2− 3n.
(iv)F (a, a− 1/2; 2 a; 4/3) =


(−3)−3n−3 if a = −3 − 3n,
0 if a = −1 − 3n,
− (−3)−3n−2 if a = −2− 3n,
2 (−3)−3n−3 if a = −5/2− 3n,
− (−3)−3n−4 if a = −7/2− 3n,
− (−3)−3n−2 if a = −3/2− 3n.
(v)F (a, a− 1/2; 1/2; −3) =


26n if a = −3n,
−26n+3 if a = −1− 3n,
26n+4 if a = −2 − 3n,
26n if a = 1/2− 3n,
−26n+1 if a = −1/2− 3n,
−26n+3 if a = −3/2− 3n.
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We find (vi)≤(v).
(vii)F (a, 1− a; 1/2; 3/4) = 2 sin (1/6 (4 a+ 1)pi) .
(viii)F (1/2− a, a− 1/2; 1/2; 3/4) = sin (1/6 (4 a+ 1)pi) .
(ix)F (a, 1− a; 3/2; 1/4) = 2 sin (1/6 (2 a− 1) pi)
2 a− 1 .
(x)F (3/2− a, a+ 1/2; 3/2; 1/4) = 4 sin (1/6 (2 a− 1) pi)√
3 (2 a− 1) .
(xi)F (a, a+ 1/2; 3/2; −1/3) = 3
a sin (1/6 (2 a− 1)pi)
22 a−1 (2 a− 1) .
We find (xii)≤(xi).
(xiii)F (1/2− a, a− 1/2; 1/2; 1/4) = sin (1/3 (2− a) pi) .
(xiv)F (a, 1− a; 1/2; 1/4) = 2√
3
sin (1/3 (2− a) pi) .
(xv)F (a, a− 1/2; 1/2; −1/3) = 3
a−1/2 sin (1/3 (2− a)pi)
22 a−1
.
We find (xvi)≤(xv), (xvii)≤(i), (xviii)≤(ii), (xix)≤(iii) and (xx)≤(iv).
(xxi)F (a, a + 1/2; 3/2; −3) =


26n
6n+ 1
if a = −3n,
0 if a = −1− 3n,
−26n+4
6n+ 5
if a = −2− 3n,
26n
3n+ 1
if a = −1/2− 3n,
−26n+2
3n+ 2
if a = −3/2− 3n,
0 if a = −5/2− 3n.
We find (xxii)≤(xxi).
(xxiii)F (a, 1− a; 3/2; 3/4) = 2 sin (1/3 (2 a− 1)pi)√
3 (2 a− 1) .
(xxiv)F (3/2− a, a+ 1/2; 3/2; 3/4) = 4 sin (1/3 (2 a− 1) pi)√
3 (2 a− 1) .
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(3,3,6-2), (3,3,6-3), (3,3,6-4), (3,3,6-9), (3,3,6-10), (3,3,6-11), (3,3,6-12)
The special values obtained from (3,3,6-2), (3,3,6-3), (3,3,6-4), (3,3,6-9), (3,3,6-10),
(3,3,6-11) and (3,3,6-12) coincide with those obtained from (3,3,6-1).
(3,3,6-5)
(i)F (a, a + 3/2; 2 a− 1; 4) =


−2n+ 1
6n− 1 if a = −3n,
6n+ 5
18n+ 3
if a = −1− 3n,
0 if a = −2 − 3n,
n+ 1
3n+ 1
if a = −3/2− 3n,
− 3n+ 4
9n+ 6
if a = −5/2− 3n,
0 if a = −7/2− 3n.
(ii)F (a− 1, a− 5/2; 2 a− 1; 4) =


−12n+ 14
2n+ 1
if a = −2 − 3n,
18n+ 27
6n+ 5
if a = −3− 3n,
18n+ 15
6n+ 1
if a = −1− 3n,
6n+ 10
n + 1
if a = −7/2− 3n,
−9n + 18
3n+ 4
if a = −9/2− 3n,
−9n + 12
3n+ 2
if a = −5/2− 3n.
(iii)F (a, a− 5/2; 2 a− 1; 4/3) =


− 2n+ 1
(−3)3n (6n− 1) if a = −3n,
− 6n+ 5
(−3)3n+2 (6n+ 1) if a = −1− 3n,
0 if a = −2− 3n,
6n+ 10
(−3)3n+6 (n + 1) if a = −7/2− 3n,
3n+ 6
(−3)3n+6 (3n+ 4) if a = −9/2− 3n,
3n+ 4
(−3)3n+4 (3n+ 2) if a = −5/2− 3n.
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(iv)F (a− 1, a+ 3/2; 2 a− 1; 4/3) =


− 12n+ 14
(−3)3n+3 (2n+ 1) if a = −2− 3n,
2n+ 3
(−3)3n+2 (6n+ 5) if a = −3 − 3n,
− 6n+ 5
(−3)3n+1 (6n+ 1) if a = −1− 3n,
n+ 1
(−3)3n (3n+ 1) if a = −3/2− 3n,
3n+ 4
(−3)3n+2 (3n+ 2) if a = −5/2− 3n,
0 if a = −7/2− 3n.
(v)F (a, a+ 3/2; 7/2; −3) =


−5 · 26n
(6n+ 5) (3n+ 1) (6n− 1) if a = −3n,
5 · 26n+2
(6n+ 7) (3n+ 2) (6n+ 1)
if a = −1− 3n,
0 if a = −2 − 3n,
5 · 26n+2
(3n+ 4) (6n+ 5) (3n+ 1)
if a = −3/2− 3n,
−5 · 26n+4
(3n+ 5) (6n+ 7) (3n+ 2)
if a = −5/2− 3n,
0 if a = −7/2− 3n.
We find (vi)≤(v).
(vii)F (a, 2− a; 7/2; 3/4) = 10 sin (1/3 (2 a+ 1)pi)√
3 (a− 1) (2 a+ 1) (2 a− 5) .
(viii)F (a+ 3/2, 7/2− a; 7/2; 3/4) = 80√
3
sin (1/3 (2 a+ 1)pi)
(2 a+ 1) (2 a− 5) (a− 1) .
(ix)F (a, 2− a; −1/2; 1/4) = −2
33/2
(2 a− 1) (2 a− 3) sin (1/3 (a+ 2) pi)
a− 1 .
(x)F (a− 5/2,−a− 1/2; −1/2; 1/4) = −3
16
(2 a− 1) (2 a− 3) sin (1/3 (a+ 2)pi)
a− 1 .
(xi)F (a, a− 5/2; −1/2; −1/3) = −3
a−3/2
22 a−1
(2 a− 1) (2 a− 3) sin (1/3 (a+ 2) pi)
a− 1 .
We find (xii)≤(xi).
(xiii)F (a+ 3/2, 7/2− a; 5/2; 1/4) = −32√
3
sin (1/3 (a+ 1/2)pi)
(2 a− 5) (2 a+ 1) .
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(xiv)F (a− 1, 1− a; 5/2; 1/4) = −9 sin (1/3 (a+ 1/2)pi)
(2 a− 5) (2 a+ 1) .
(xv)F (a− 1, a+ 3/2; 5/2; −1/3) = −3
a+1
22 a−2
sin (1/3 (a+ 1/2)pi)
(2 a− 5) (2 a+ 1) .
We find (xvi)≤(xv), (xvii)≤(i), (xviii)≤(ii), (xix)≤(iii), (xx)≤(iv).
(xxi)F (a− 1, a− 5/2; −3/2; −3)
=


−26n+6 (6n+ 5) (6n+ 7) if a = −2 − 3n,
26n+1 (6n+ 1) (6n+ 3) if a = −3n,
26n+3 (6n+ 3) (6n+ 5) if a = −1− 3n,
26n−3 (6n− 2) (6n− 4) if a = 5/2− 3n,
−26n+4 (6n+ 4) (6n+ 6) if a = −3/2− 3n,
−26n+6 (6n+ 6) (6n+ 8) if a = −5/2− 3n.
We find (xxii)≤(xxi).
(xxiii)F (a− 1, 1− a; −3/2; 3/4) = − (2 a− 1) (2 a− 3) sin (1/6 (4 a− 1) pi) .
(xxiv)F (a− 5/2,−a− 1/2; −3/2; 3/4)
= −1/8 (2 a− 1) (2 a− 3) sin (1/6 (4 a− 1)pi) .
(3,3,6-6), (3,3,6-7), (3,3,6-8), (3,3,6-13), (3,3,6-14), (3,3,6-15), (3,3,6-16)
The special values obtained from (3,3,6-6), (3,3,6,-7), (3,3,6-8), (3,3,6-13), (3,3,6-14),
(3,3,6-15) and (3,3,6-16) coincide with those obtained from (3,3,6,5).
4.6.11 (k, l,m) = (3, 4, 6)
In this case, we have
(a, b, c, x) = (a, b, 2 a, 2). (3,4,6-1)
(3,4,6-1) The special values obtained from (3,4,6-1) are evaluated in paragraphs
(1,2,2-1) and (0,2,2-1).
4.6.12 (k, l,m) = (3, 5, 6)
In this case, we have

(a, b, c, x) = (a, 5/3 a− 1/2, 2 a,−8 + 4√5),
S(n) =
55/2n
(√
5− 1)15n (1/3 a+ 3/10, n) (1/3 a+ 7/10, n)
215n33n (1/3 a+ 1/6, n) (1/3 a+ 5/6, n)
,
(3,5,6-1)


(a, b, c, x) = (a, 5/3 a− 1/2, 2 a,−8− 4√5),
S(n) =
55/2n
(√
5 + 1
)15n
(1/3 a+ 3/10, n) (1/3 a+ 7/10, n)
215n33n (1/3 a+ 1/6, n) (1/3 a+ 5/6, n)
,
(3,5,6-2)
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

(a, b, c, x) = (a, 5/3 a− 1/6, 2 a,−8 + 4√5),
S(n) =
55/2n
(√
5− 1)15n (1/3 a+ 17/30, n) (1/3 a+ 23/30, n)
215n33n (1/3 a+ 1/2, n) (1/3 a+ 5/6, n)
,
(3,5,6-3)


(a, b, c, x) = (a, 5/3 a− 1/6, 2 a,−8− 4√5),
S(n) =
55/2n
(√
5 + 1
)15n
(1/3 a+ 17/30, n) (1/3 a+ 23/30, n)
215n33n (1/3 a+ 1/2, n) (1/3 a+ 5/6, n)
.
(3,5,6-4)
(3,5,6-1)
(i)F (a, 5/3 a− 1/2; 2 a; −8 + 4
√
5)
=


51/4−5/6 a
(√
5− 1)3/2−5 a Γ (2/5) Γ (4/5) Γ (1/3 a+ 1/6) Γ (1/3 a+ 5/6)
23/2−5 a33/10−aΓ (4/15) Γ (14/15) Γ (1/3 a+ 3/10)Γ (1/3 a+ 7/10)
,
7 · 55/2n−1/2 (√5− 1)15n+15 (17/10, n) (13/10, n)
215n+1533n (11/6, n) (7/6, n)
if a = −3− 3n,
−55/2n (√5− 1)15n+7 (31/30, n) (19/30, n)
215n+633n+1 (7/6, n) (1/2, n)
if a = −1 − 3n,
−11 · 55/2n+1/2 (√5− 1)15n+12 (41/30, n) (29/30, n)
215n+1233n+3 (3/2, n) (5/6, n)
if a = −2− 3n,
−55/2n+1 (√5− 1)15n+24 (11/5, n) (9/5, n)
215n+2433n (7/3, n) (5/3, n)
if a = −9/2− 3n,
(ii)F (a, 1/3 a+ 1/2; 2 a; −8 + 4
√
5)
=


51/4−5/6 a
(√
5− 1)−a−3/2 Γ (2/5) Γ (4/5)Γ (1/3 a+ 1/6) Γ (1/3 a+ 5/6)
2−a−3/233/10−aΓ (4/15) Γ (14/15) Γ (1/3 a+ 3/10) Γ (1/3 a+ 7/10)
,
7 · 55/2n−1/2 (√5− 1)3n+3 (17/10, n) (13/10, n)
23n+333n (11/6, n) (7/6, n)
if a = −3− 3n,
55/2n
(√
5− 1)3n−1 (31/30, n) (19/30, n)
23n−233n+1 (7/6, n) (1/2, n)
if a = −1− 3n,
11 · 55/2n+1/2 (√5− 1)3n (41/30, n) (29/30, n)
23n33n+3 (3/2, n) (5/6, n)
if a = −2− 3n,
55/2n
(√
5− 1)3n (6/5, n) (4/5, n)
23n33n (4/3, n) (2/3, n)
if a = −3/2− 3n.
(iii)F (a, 1/3 a+ 1/2; 2 a; −8 − 4
√
5)
=


7 · 55/2n−1/2 (√5 + 1)3n+3 (17/10, n) (13/10, n)
23n+333n (11/6, n) (7/6, n)
if a = −3 − 3n,
−55/2n (√5 + 1)3n−1 (31/30, n) (19/30, n)
23n−233n+1 (7/6, n) (1/2, n)
if a = −1 − 3n,
−11 · 55/2n+1/2 (√5 + 1)3n (41/30, n) (29/30, n)
23n33n+3 (3/2, n) (5/6, n)
if a = −2− 3n,
55/2n
(√
5 + 1
)3n
(6/5, n) (4/5, n)
23n33n (4/3, n) (2/3, n)
if a = −3/2− 3n.
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(iv)F (a, 5/3 a− 1/2; 2 a; −8 − 4
√
5)
=


7 · 55/2n−1/2 (√5 + 1)15n+15 (17/10, n) (13/10, n)
215n+1533n (11/6, n) (7/6, n)
if a = −3− 3n,
55/2n
(√
5 + 1
)15n+7
(31/30, n) (19/30, n)
215n+633n+1 (7/6, n) (1/2, n)
if a = −1 − 3n,
11 · 55/2n+1/2 (√5 + 1)15n+12 (41/30, n) (29/30, n)
215n+1233n+3 (3/2, n) (5/6, n)
if a = −2− 3n,
55/2n
(√
5 + 1
)15n
(3/5, n) (1/5, n)
215n33n (11/15, n) (1/15, n)
if a = 3/10− 3n,
55/2n+1/2
(√
5 + 1
)15n+3
(4/5, n) (2/5, n)
215n+333n (14/15, n) (4/15, n)
if a = −3/10− 3n,
0 if a = −9/10− 3n,
−55/2n+1 (√5 + 1)15n+24 (11/5, n) (9/5, n)
215n+2433n (7/3, n) (5/3, n)
if a = −9/2− 3n,
0 if a = −21/10− 3n.
(v)F (a, 5/3 a− 1/2; 2/3 a+ 1/2; 9− 4
√
5)
=
5−5/6 a
(√
5− 1)1−5 a Γ (1/3 a+ 1/4) Γ (1/3 a+ 3/4)
21/2−11/3 aΓ (1/3 a+ 3/10)Γ (1/3 a+ 7/10)
.
(vi)F (1− a, 1/2− 1/3 a; 2/3 a+ 1/2; 9− 4
√
5)
=
5−5/6 a
(√
5− 1)a−2 Γ (1/3 a+ 1/4) Γ (1/3 a+ 3/4)
2−5/3 a−1/2Γ (1/3 a+ 3/10) Γ (1/3 a+ 7/10)
(The above is a generalization of Theorem 14 in [Ek]).
(vii)F (a, 1− a; 2/3 a+ 1/2; 1/2− 1/4
√
5)
=
5−5/6 a
(√
5− 1)1−2 a Γ (1/3 a+ 1/4) Γ (1/3 a+ 3/4)
21/2−8/3 aΓ (1/3 a+ 3/10) Γ (1/3 a+ 7/10)
.
(viii)F (1/2− 1/3 a, 5/3 a− 1/2; 2/3 a+ 1/2; 1/2− 1/4
√
5)
=
5−5/6 a
(√
5− 1)−1/2 Γ (1/3 a+ 1/4) Γ (1/3 a+ 3/4)
2−2aΓ (1/3 a+ 3/10)Γ (1/3 a+ 7/10)
.
(ix)F (a, 1− a; 3/2− 2/3 a; 1/2 + 1/4
√
5)
86
=

(√
5− 1)6n (5/4, n) (3/4, n)
(−16)n 55/2n (11/10, n) (9/10, n) if a = −3n,(√
5− 1)6n+4 (19/12, n) (13/12, n)
104 (−16)n 55/2n (43/30, n) (37/30, n) if a = −1− 3n,
11
(√
5− 1)6n+6 (23/12, n) (17/12, n)
1564 (−16)n+1 55/2n−1/2 (53/30, n) (47/30, n) if a = −2 − 3n,
55/2n
(√
5 + 1
)6n
(7/30, n) (13/30, n)
(−256)n (1/12, n) (7/12, n) if a = 1 + 3n,
−55/2n+1/2 (√5 + 1)6n+2 (17/30, n) (23/30, n)
2 (−256)n (5/12, n) (11/12, n) if a = 2 + 3n,
−55/2n+1/2 (√5 + 1)6n+6 (9/10, n) (11/10, n)
64 (−256)n (3/4, n) (5/4, n) if a = 3 + 3n.
(x)F (1/3 a+ 1/2, 3/2− 5/3 a; 3/2− 2/3 a; 1/2 + 1/4
√
5)
=


(−64)n (7/4, n) (5/4, n)
55/2n (8/5, n) (7/5, n)
if a = −3/2− 3n,
55/2n (1/5, n) (2/5, n)
(−64)n (1/20, n) (11/20, n) if a = 9/10 + 3n,
−55/2n+1/2 (2/5, n) (3/5, n)
2 (−64)n (1/4, n) (3/4, n) if a = 3/2 + 3n,
55/2n+1 (3/5, n) (4/5, n)
2 (−64)n (9/20, n) (19/20, n) if a = 21/10 + 3n,
0 if a = 27/10 + 3n,
0 if a = 33/10 + 3n.
(xi)F (a, 1/3 a+ 1/2; 3/2− 2/3 a; 9 + 4
√
5)
=


25n
(√
5 + 1
)3n
(5/4, n) (3/4, n)
55/2n (11/10, n) (9/10, n)
if a = −3n,
−25n+4 (√5 + 1)3n−1 (19/12, n) (13/12, n)
13 · 55/2n (43/30, n) (37/30, n) if a = −1− 3n,
−11 · 25n+4 (√5 + 1)3n (23/12, n) (17/12, n)
391 · 55/2n−1/2 (53/30, n) (47/30, n) if a = −2 − 3n,
25n
(√
5 + 1
)3n
(7/4, n) (5/4, n)
55/2n (8/5, n) (7/5, n)
if a = −3/2− 3n
(The fourth case is identical to Theorem 15 in [Ek]).
(xii)F (1− a, 3/2− 5/3 a; 3/2− 2/3 a; 9 + 4
√
5)
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=

55/2n
(√
5 + 1
)15n
(7/30, n) (13/30, n)
211n (1/12, n) (7/12, n)
if a = 1 + 3n,
55/2n+1/2
(√
5 + 1
)15n+5
(17/30, n) (23/30, n)
211n+2 (5/12, n) (11/12, n)
if a = 2 + 3n,
−55/2n+1/2 (√5 + 1)15n+12 (9/10, n) (11/10, n)
211n+8 (3/4, n) (5/4, n)
if a = 3 + 3n,
55/2n
(√
5 + 1
)15n
(1/5, n) (2/5, n)
211n (1/20, n) (11/20, n)
if a = 9/10 + 3n,
55/2n+1/2
(√
5 + 1
)15n+3
(2/5, n) (3/5, n)
211n+2 (1/4, n) (3/4, n)
if a = 3/2 + 3n,
55/2n+1
(√
5 + 1
)15n+6
(3/5, n) (4/5, n)
211n+3 (9/20, n) (19/20, n)
if a = 21/10 + 3n,
0 if a = 27/10 + 3n,
0 if a = 33/10 + 3n.
(xiii)F (1/2− 1/3 a, 5/3 a− 1/2; 2/3 a+ 1/2; 1/2 + 1/4
√
5)
=


(−64)n (3/4, n) (5/4, n)
55/2n (4/5, n) (6/5, n)
if a = 3/2 + 3n,
55/2n (3/5, n) (1/5, n)
(−64)n (13/20, n) (3/20, n) if a = 3/10− 3n,
−55/2n+1/2 (4/5, n) (2/5, n)
2 (−64)n (17/20, n) (7/20, n) if a = −3/10− 3n,
0 if a = −9/10− 3n,
−55/2n+1/2 (6/5, n) (4/5, n)
4 (−64)n (5/4, n) (3/4, n) if a = −3/2− 3n,
0 if a = −21/10− 3n.
(xiv)F (a, 1− a; 2/3 a+ 1/2; 1/2 + 1/4
√
5)
=


55/2n
(√
5 + 1
)6n
(7/10, n) (3/10, n)
(−256)n (3/4, n) (1/4, n) if a = −3n,
55/2n
(√
5 + 1
)6n+4
(31/30, n) (19/30, n)
8 (−256)n (13/12, n) (7/12, n) if a = −1− 3n,
−11 · 55/2n+1/2 (√5 + 1)6n+6 (41/30, n) (29/30, n)
320 (−256)n (17/12, n) (11/12, n) if a = −2− 3n,(√
5− 1)6n (7/12, n) (13/12, n)
(−16)n 55/2n (19/30, n) (31/30, n) if a = 1 + 3n,
− (√5− 1)6n+2 (11/12, n) (17/12, n)
22 (−16)n 55/2n−1/2 (29/30, n) (41/30, n) if a = 2 + 3n,
− (√5− 1)6n+6 (5/4, n) (7/4, n)
2240 (−16)n 55/2n−1/2 (13/10, n) (17/10, n) if a = 3 + 3n.
(xv)F (a, 5/3 a− 1/2; 2/3 a+ 1/2; 9 + 4
√
5)
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=

55/2n
(√
5 + 1
)15n
(7/10, n) (3/10, n)
211n (3/4, n) (1/4, n)
if a = −3n,
−55/2n (√5 + 1)15n+7 (31/30, n) (19/30, n)
211n+4 (13/12, n) (7/12, n)
if a = −1− 3n,
−11 · 55/2n−1/2 (√5 + 1)15n+12 (41/30, n) (29/30, n)
211n+8 (17/12, n) (11/12, n)
if a = −2 − 3n,
55/2n
(√
5 + 1
)15n
(3/5, n) (1/5, n)
211n (13/20, n) (3/20, n)
if a = 3/10− 3n,
55/2n+1/2
(√
5 + 1
)15n+3
(4/5, n) (2/5, n)
211n+2 (17/20, n) (7/20, n)
if a = −3/10− 3n,
0 if a = −9/10− 3n,
55/2n+1/2
(√
5 + 1
)15n+9
(6/5, n) (4/5, n)
211n+5 (5/4, n) (3/4, n)
if a = −3/2− 3n,
0 if a = −21/10− 3n.
(xvi)F (1− a, 1/2− 1/3 a; 2/3 a+ 1/2; 9 + 4
√
5)
=


25n
(√
5 + 1
)3n
(7/12, n) (13/12, n)
55/2n (19/30, n) (31/30, n)
if a = 1 + 3n,
25n+2
(√
5 + 1
)3n+1
(11/12, n) (17/12, n)
11 · 55/2n−1/2 (29/30, n) (41/30, n) if a = 2 + 3n,
−25n+4 (√5 + 1)3n (5/4, n) (7/4, n)
7 · 55/2n+1/2 (13/10, n) (17/10, n) if a = 3 + 3n,
25n
(√
5 + 1
)3n
(3/4, n) (5/4, n)
55/2n (4/5, n) (6/5, n)
if a = 3/2 + 3n
(The fourth case is identical to Theorem 14 in [Ek]).
(xvii)F (1− a, 1/2− 1/3 a; 2− 2 a; −8 + 4
√
5)
=


39/10−a
(√
5 + 1
)3/2−a
Γ (4/5) Γ (3/5) Γ (7/6− 1/3 a) Γ (5/6− 1/3 a)
23/2−a53/4−5/6 aΓ (13/15)Γ (8/15) Γ (11/10− 1/3 a) Γ (9/10− 1/3 a) ,
91 · 55/2n+1/2 (√5− 1)3n+3 (37/30, n) (43/30, n)
23n+333n+4 (7/6, n) (3/2, n)
if a = 4 + 3n,
55/2n+1/2
(√
5− 1)3n+1 (17/30, n) (23/30, n)
23n33n+1 (1/2, n) (5/6, n)
if a = 2 + 3n,
55/2n+1/2
(√
5− 1)3n (9/10, n) (11/10, n)
23n33n+1 (5/6, n) (7/6, n)
if a = 3 + 3n,
55/2n
(√
5− 1)3n (2/5, n) (3/5, n)
23n33n (1/3, n) (2/3, n)
if a = 3/2 + 3n.
(xviii)F (1− a, 3/2− 5/3 a; 2− 2 a; −8 + 4
√
5)
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=

39/10−a
(√
5 + 1
)9/2−5 a
Γ (4/5) Γ (3/5) Γ (7/6− 1/3 a) Γ (5/6− 1/3 a)
29/2−5 a53/4−5/6 aΓ (13/15)Γ (8/15) Γ (11/10− 1/3 a) Γ (9/10− 1/3 a) ,
91 · 55/2n+1/2 (√5− 1)15n+15 (37/30, n) (43/30, n)
215n+1533n+4 (7/6, n) (3/2, n)
if a = 4 + 3n,
55/2n+1/2
(√
5− 1)15n+5 (17/30, n) (23/30, n)
215n+433n+1 (1/2, n) (5/6, n)
if a = 2 + 3n,
−55/2n+1/2 (√5− 1)15n+12 (9/10, n) (11/10, n)
215n+1233n+1 (5/6, n) (7/6, n)
if a = 3 + 3n,
55/2n+1
(√
5− 1)15n+18 (7/5, n) (8/5, n)
215n+1833n (4/3, n) (5/3, n)
if a = 9/2 + 3n.
(xix)F (1− a, 3/2− 5/3 a; 2− 2 a; −8− 4
√
5)
=


91 · 55/2n+1/2 (√5 + 1)15n+15 (37/30, n) (43/30, n)
215n+1533n+4 (7/6, n) (3/2, n)
if a = 4 + 3n,
55/2n+1/2
(√
5 + 1
)15n+5
(17/30, n) (23/30, n)
215n+433n+1 (1/2, n) (5/6, n)
if a = 2 + 3n,
55/2n+1/2
(√
5 + 1
)15n+12
(9/10, n) (11/10, n)
215n+1233n+1 (5/6, n) (7/6, n)
if a = 3 + 3n,
55/2n
(√
5 + 1
)15n
(1/5, n) (2/5, n)
215n33n (2/15, n) (7/15, n)
if a = 9/10 + 3n,
55/2n+1
(√
5 + 1
)15n+18
(7/5, n) (8/5, n)
215n+1833n (4/3, n) (5/3, n)
if a = 9/2 + 3n,
55/2n+1
(√
5 + 1
)15n+6
(3/5, n) (4/5, n)
215n+633n+1 (8/15, n) (13/15, n)
if a = 21/10 + 3n,
0 if a = 27/10 + 3n,
0 if a = 33/10 + 3n.
(xx)F (1− a, 1/2− 1/3 a; 2− 2 a; −8− 4
√
5)
=


91 · 55/2n+1/2 (√5 + 1)3n+3 (37/30, n) (43/30, n)
23n+333n+4 (7/6, n) (3/2, n)
if a = 4 + 3n,
55/2n+1/2
(√
5 + 1
)3n+1
(17/30, n) (23/30, n)
23n33n+1 (1/2, n) (5/6, n)
if a = 2 + 3n,
−55/2n+1/2 (√5 + 1)3n (9/10, n) (11/10, n)
23n33n+1 (5/6, n) (7/6, n)
if a = 3 + 3n,
55/2n
(√
5 + 1
)3n
(2/5, n) (3/5, n)
23n33n (1/3, n) (2/3, n)
if a = 3/2 + 3n.
(xxi)F (a, 1/3 a+ 1/2; 3/2− 2/3 a; 9− 4
√
5)
=
25/2−5/3 a
(√
5− 1)−a−1 Γ (5/4− 1/3 a) Γ (3/4− 1/3 a)
51−5/6 aΓ (11/10− 1/3 a) Γ (9/10− 1/3 a)
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(The above is a generalization of Theorem 15 in [Ek]).
(xxii)F (1− a, 3/2− 5/3 a; 3/2− 2/3 a; 9− 4
√
5)
=
27/2−11/3 a
(√
5− 1)5 a−4 Γ (5/4− 1/3 a) Γ (3/4− 1/3 a)
51−5/6 aΓ (11/10− 1/3 a) Γ (9/10− 1/3 a) .
(xxiii)F (a, 1− a; 3/2− 2/3 a; 1/2− 1/4
√
5)
=
25/2−8/3 a
(√
5− 1)2 a−1 Γ (5/4− 1/3 a) Γ (3/4− 1/3 a)
51−5/6 aΓ (11/10− 1/3 a) Γ (9/10− 1/3 a) .
(xxiv)F (1/3 a+ 1/2, 3/2− 5/3 a; 3/2− 2/3 a; 1/2− 1/4
√
5)
=
22−2 a
(√
5− 1)1/2 Γ (5/4− 1/3 a) Γ (3/4− 1/3 a)
51−5/6 aΓ (11/10− 1/3 a) Γ (9/10− 1/3 a) .
(3,5,6-2), (3,5,6-3), (3,5,6-4) The special values obtained from (3,5,6-2), (3,5,6-
3), (3,5,6-4) coincide with those obtained from (3,5,6-1).
4.6.13 (k, l,m) = (3, 6, 6)
In this case, we have
(a, b, c, x) = (a, b, 2 a, 2) (3,6,6-1)
(3,6,6-1) The special values obtained from (3,6,6-1) are evaluated in paragraphs
(1,2,2-1) and (0,2,2-1).
4.6.14 (k, l,m) = (3, 7, 6)
In this case, there is no admissible quadruple.
4.6.15 (k, l,m) = (3, 8, 6)
In this case, we have
(a, b, c, x) = (a, b, 2 a, 2) (3,8,6-1)
(3,8,6-1) The special values obtained from (3,8,6-1) are evaluated in paragraphs
(1,2,2-1) and (0,2,2-1).
4.6.16 (k, l,m) = (3, 9, 6)
In this case, we have
(a, b, c, x) = (a, 3 a− 1, 2 a, 1/2 + 1/2 i
√
3), (3,9,6-1)
(a, b, c, x) = (a, 3 a− 1, 2 a, 1/2− 1/2 i
√
3). (3,9,6-2)
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(3,9,6-1), (3,9,6-2) The special values obtained from (3,9,6-1) and (3,9,6-2) co-
incide with those obtained from (1,3,2-1).
A Some hypergeometric identities for generalized
hypergeometric series and Appell-Lauricella hy-
pergeometric series
In this appendix, we give some identities for generalized hypergeometric series and
Appell-Lauricella hypergeometric series using the method introduced in section 1.
A.1 Some examples for generalized hypergeometric series
Many identities for generalized hypergeometric series
pFq
(
a1 a2 · · · ap
b1 b2 · · · bq ; x
)
:=
∞∑
n=0
(a1, n)(a2, n) · · · (ap, n)
(b1, n)(b2, n) · · · (bq, n)(1, n)x
n
have been discovered by making use of various methods. For example, see “Hyper-
geometric Database” in 36 page, Table 6.1 in 108 page and Table 8.1 in 158 page
of [Ko]. The author feels that applying the method introduced in section 1 of this
paper to generalized hypergeometric series, we can obtain all identities appearing in
those tables of [Ko] and, of course, also new identities. So, the author is planning
to tabulate hypergeometric identities for generalized hypergeometric series obtained
from our method. Here, we only rediscover some identities appearing in tables of
[Ko], since the purpose of this article is not to tabulate hypergeomeric identities
for generalized hypergeometric series but to tabulate those for the hypergeometric
series .
Now, we apply our method to generalized hypergeometric series 3F2. It is known
that for a given quintuple of integers (k1, k2, k3, l1, l2) ∈ Z5, there exists a unique
triple of rational functions (Q2(x), Q1(x), Q0(x)) ∈ (Q(a1, a2, a3, b1, b2, x))3 satisfy-
ing
3F2
(
a1 + k1, a2 + k2, a3 + k3
b1 + l1, b2 + l2
; x
)
= Q2(x)3F2
(
a1 + 2, a2 + 2, a3 + 2
b1 + 2, b2 + 2
; x
)
+Q1(x)3F2
(
a1 + 1, a2 + 1, a3 + 1
b1 + 1, b2 + 1
; x
)
+Q0(x)3F2
(
a1, a2, a3
b1, b2
; x
)
.
(A.1)
This relation is called the contiguity relation of 3F2 (or the four term relation of
3F2). We remark that coefficients Q2(x), Q1(x), Q0(x) can be exactly computed
for a given (k1, k2, k3, l1, l2). As to a calculation method of these coefficients, for
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example, see [Ta1]. From (A.1), we have
3F2
(
a1 + nk1, a2 + nk2, a3 + nk3
b1 + nl1, b2 + nl2
; x
)
= Q
(n)
2 (x)3F2
(
a1 + (n− 1)k1 + 2, a2 + (n− 1)k2 + 2, a3 + (n− 1)k3 + 2
b1 + (n− 1)l1 + 2, b2 + (n− 1)l2 + 2 ; x
)
+Q
(n)
1 (x)3F2
(
a1 + (n− 1)k1 + 1, a2 + (n− 1)k2 + 1, a3 + (n− 1)k3 + 1
b1 + (n− 1)l1 + 1, b2 + (n− 1)l2 + 1 ; x
)
+Q
(n)
0 (x)3F2
(
a1 + (n− 1)k1, a2 + (n− 1)k2, a3 + (n− 1)k3
b1 + (n− 1)l1, b2 + (n− 1)l2 ; x
)
,
(A.2)
where
Q
(n)
i (x) := Qi(x)|(a1,a2,a3,b1,b2)→(a1+(n−1)k1,a2+(n−1)k2,a3+(n−1)k3,b1+(n−1)l1,b2+(n−1)l2)
for i = 0, 1, 2. Let sextuple (a1, a2, a3, b1, b2, x) satisfy{
Q
(n)
1 (x) = 0,
Q
(n)
2 (x) = 0
for every integer n. (A.3)
Then, for this sextuple, we have the first order difference equation
3F2
(
a1, a2, a3
b1, b2
; x
)
=
1
Q
(1)
0 (x)
× 3F2
(
a1 + k1, a2 + k2, a3 + k3
b1 + l1, b2 + l2
; x
)
(A.4)
or
3F2
(
a1, a2, a3
b1, b2
; x
)
=
1
Q
(1)
0 (x)Q
(2)
0 (x) · · ·Q(n)0 (x)
× 3F2
(
a1 + nk1, a2 + nk2, a3 + nk3
b1 + nl1, b2 + nl2
; x
) (A.5)
Finally, solving (A.4) or (A.5), we will yield hypergeometric identity for 3F2. We
summarize the whole process:
Step 1’: Give (k1, k2, k3, l1, l2) ∈ Z5.
Step 2’: Obtain sextuple (a1, a2, a3, b1, b2, x) satisfying the system (A.3).
Step 3’: Solve (A.4) or (A.5).
Thus, the method introduced in the main part of section 1 has broad utility. Al-
though stated in section 1, we remark once again that implementing Step 2’ is
equivalent to solving polynomial systems in a1, a2, a3, b1, b2, x. We now do the above
process for two quintuple of integers (k1, k2, k3, l1, l2) to give examples for the gen-
eralized hypergeometric series obtained from our method.
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Example 1’: (k1, k2, k3, l1, l2) = (−1,−1, 0, 1, 1)
When (k1, k2, k3, l1, l2) = (−1,−1, 0, 1, 1),
(a1, a2, a3, b1, b2, x) = (a, b, c, c+ 1− a, c+ 1− b, 1)
is given as one of solutions of the system (A.3). In this case, we have
3F2
(
a, b, c
c+ 1− a, c+ 1− b ; 1
)
=
(1/2 c+ 1− a, n)(1/2 c+ 1− b, n)(c+ 1− a− b, 2n)
(c+ 1− a, n)(c+ 1− b, n)(1/2 c+ 1− a− b, 2n)
× 3F2
(
a− n, b− n, c
c+ 1− a + n, c+ 1− b+ n ; 1
)
.
(A.6)
By solving this equation (A.6), we obtain
3F2
(
a, b, c
c+ 1− a, c+ 1− b ; 1
)
=
Γ(1/2 c+ 1)Γ(c+ 1− a)Γ(c + 1− b)Γ(1/2 c+ 1− a− b)
Γ(c+ 1)Γ(1/2 c+ 1− a)Γ(1/2 c+ 1− b)Γ(c+ 1− a− b) .
(A.7)
This was discovered by Dixon (see no.4 of “Hypergeometric Database” in page 36
of [Ko]). Moreover, remarking that
lim
b→−∞
3F2
(
a b c
c+ 1− a c+ 1− b ; 1
)
= F (a, c; c+ 1− a;−1),
equation (A.6) degenerates into
F (a, c; c+ 1− a;−1) = (1/2 c+ 1− a, n)
(c+ 1− a, n) F (a− n, c; c+ 1− a+ n;−1) (A.8)
(the equation with equivalent to (A.8) also appears in the process of getting formu-
lae (1,2,2-1)(v)). By solving this equation (A.8), we can find formulae which are
equivalent to (1,2,2-1)(v). We also note that taking b→ −∞ in formula (A.7), the
first case of (1,2,2-1)(v) is obtained.
Example 2’: (k1, k2, k3, l1, l2) = (0, 1, 2, 1, 2)
When (k1, k2, k3, l1, l2) = (0, 1, 2, 1, 2), we yield
(a1, a2, a3, b1, b2, x) = (a, b, c, 1/2 (a+ c+ 1), 2b, 1)
as one of solutions of the system (A.3). In this case, we have
3F2
(
a, b, c
1/2 (a+ c+ 1), 2b
; 1
)
=
(1/2 (c+ 1), n)(b+ 1/2 (1− a), n)
(1/2 (a+ c+ 1), n)(b+ 1/2, n)
× 3F2
(
a, b+ n, c+ 2n
1/2 (a+ c+ 1) + n, 2b+ 2n
; 1
)
.
(A.9)
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Solving this equation (A.6), we yield
3F2
(
a, b, c
1/2 (a+ c+ 1), 2b
; 1
)
=
Γ(1/2)Γ(b+ 1/2 (1− a− c))Γ(1/2 (a+ c+ 1))Γ(b+ 1/2)
Γ(1/2 (a+ 1))Γ(b+ 1/2 (1− c))Γ(1/2 (c+ 1))Γ(b+ 1/2 (1− a)) .
(A.10)
This formula is due to Watson and Whipple (see no.5 of “Hypergeometric Database”
in page 36 of [Ko]). Moreover, paying attention to
lim
b→+∞
3F2
(
a b c
1/2 (a+ c+ 1) 2b
; 1
)
= F (a, c; 1/2 (a+ c+ 1); 1/2),
equation (A.9) degenerates into
F (a, c; 1/2 (a+ c + 1); 1/2)
=
(1/2 (c+ 1), n)
(1/2 (a+ c + 1), n)
F (a, c+ 2n; 1/2 (a+ c+ 1) + n; 1/2)
(A.11)
(the equation with equivalent to (A.11) also appears in the process of getting for-
mulae (1,2,2-1)(viii)). Solving this equation (A.11), we can find formulae which are
equivalent to (1,2,2-1)(viii). We also remark that taking b→ +∞ in formula (A.10),
the first case of (1,2,2-1)(viii) is obtained.
In a similar manner, we can make use of our method for generalized hypergeo-
metric series pFq. However, as stated before, we save this study for another day.
A.2 Some examples for Appell-Lauricella hypereometric se-
ries
Hypergeometric identities for Appell-Lauricella hypergeometric series have not been
studied yet, while many transformation formulae for these series have been given
(for example, see formulae (8.3.1)–(8.4.1.2) in [Sl]). The reason comes from the fact
that it is difficult to use previously known methods for these series, because these
are multiple series. However, our method can be applied to these series, because
these have contiguity relations like generalized hypergeometric series. Therefore,
our method will become a powerful tool for investigating hypergeometric identities
for Appell-Lauricella hypereometric series.
We now apply our method to Appell hypergeometric series
F1
(
a; b1 b2
c
; x y
)
:=
∞∑
m=0
∞∑
n=0
(a,m+ n)(b1, m)(b2, n)
(c,m+ n)(1, m)(1, n)
xmyn.
We discuss the detail of applying our method to F1, although we perform in much the
same way as 3F2 case. It is known that for a given quadruple of integers (k, l1, l2, m) ∈
Z4, there exists a unique triple of rational functions (Q10(x, y), Q01(x, y), Q00(x, y)) ∈
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(Q(a, b1, b2, c, x, y))
3 satisfying
F1
(
a+ k; b1 + l1, b2 + l2
c+m
; x, y
)
= Q10(x, y)F1
(
a + 1; b1 + 1, b2
c+ 1
; x, y
)
+Q01(x, y)F1
(
a + 1; b1, b2 + 1
c+ 1
; x, y
)
+Q00(x, y)F1
(
a; b1, b2
c
; x, y
)
.
(A.12)
This relation is called the contiguity relation of F1 (or the four term relation of F1).
As to a calculation method of coefficients for the above relation, for example, see
[Ta1] and [Ta2]. We define Q
(n)
ij (x, y) by
Q
(n)
ij (x, y) := Qij(x, y)|(a,b1,b2,c)→(a+(n−1)k,b1+(n−1)l1,b2+(n−1)l2,c+(n−1)m).
Let sextuple (a, b1, b2, c, x, y) satisfy{
Q
(n)
10 (x, y) = 0,
Q
(n)
01 (x, y) = 0
for every integer n. (A.13)
Then, for this sextuple, we have the first order difference equation
F1
(
a; b1, b2
c
; x, y
)
=
1
Q
(1)
00 (x)
× F1
(
a+ k; b1 + l1, b2 + l2
c+m
; x, y
)
(A.14)
or
F1
(
a; b1, b2
c
; x, y
)
=
1
Q
(1)
00 (x, y)Q
(2)
00 (x, y) · · ·Q(n)00 (x, y)
× F1
(
a+ nk; b1 + nl1, b2 + nl2
c+ nm
; x, y
) (A.15)
Solving (A.14) or (A.15) as the final step, we will find hypergeometric identity for
F1. We summarize the whole process:
Step 1”: Give (k, l1, l2, m) ∈ Z4.
Step 2”: Obtain sextuple (a, b1, b2, c, x, y) satisfying the system (A.13).
Step 3”: Solve (A.14) or (A.15).
Now, we perform the above process for two quadruple of integers (k, l1, l2, m) to
obtain some examples of hypergeometric identities for F1.
Example 1”: (k, l1, l2, m) = (2,−1, 6, 3)
When (k, l1, l2, m) = (2,−1, 6, 3), we have
(a, b1, b2, c, x, y) = (2α, 1− α, 6β, α+ 2β + 2/3, 1/9, 1/3)
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as one of solutions of the system (A.13). In this case, the equation (A.15) becomes
F1
(
2α; 1− α, 6β
α + 2β + 2/3
;
1
9
,
1
3
)
=
24n(α + 1/2, n)(β + 1/3, n)(β + 1/6, n)
3n(α + 2β + 2/3, 3n)
F1
(
2α+ 2n; 1− α− n, 6β + 6n
α + 2β + 2/3 + 3n
;
1
9
,
1
3
)
.
(A.16)
By solving this equation (A.16), we find
F1
(
2α; 1− α, 6β
α + 2β + 2/3
;
1
9
,
1
3
)
=
3α
√
piΓ(α + 2β + 2/3)
22αΓ(α+ 1/2)Γ(2β + 2/3).
(A.17)
Pay attention to the fact that
F1
(
a; b1, 0
c
; x, y
)
= F (a, b1; c; x), F1
(
a; 0, b2
c
; x, y
)
= F (a, b2; c; y).
From the fact, we can degenerate formula (A.17) into the following two hypergeo-
metric identities for F :
F (2α, 1− α;α+ 2/3; 1/9) = 3
α
√
piΓ(α + 2/3)
22αΓ(2/3)Γ(α+ 1/2)
, (A.18)
F (2, 6β; 2β + 5/3; 1/3) = 3β + 1. (A.19)
Formulae (A.18) and (A.19) are equivalent to formulae (1,2,3-1)(x) and (1,3,3-
3)(viii), respectively. Hence, we can regard (A.17) as a fusion of hypergeometric
identities for the hypergeometric series (1,2,3-1)(x) and (1,3,3-3)(viii).
Example 2”: (k, l1, l2, m) = (3, 0, 2, 2)
When (k, l1, l2, m) = (3, 0, 2, 2), we have
(a, b1, b2, c, x, y) = (3α, 2β − 1, 2α+ 1− 2β, 2α+ β, 3/4, 1/4)
as one of solutions of the system (A.13). In this case, the equation (A.15) becomes
F1
(
3α; 2β − 1, 2α+ 1− 2β
2α+ β
;
3
4
,
1
4
)
=
33n(α + 1/3, n)(α+ 2/3, n)
24n(2α+ β, 2n)
F1
(
3α + 3n; 2β − 1, 2α+ 1− 2β + 2n
2α+ β + 2n
;
3
4
,
1
4
)
.
(A.20)
By solving this equation (A.20), we find
F1
(
3α; 2β − 1, 2α+ 1− 2β
2α+ β
;
3
4
,
1
4
)
=
24α+1piΓ(2α+ β)
33α+1/2Γ(α+ 1/3)Γ(α+ 2/3)Γ(β).
(A.21)
In a similar manner to example 1”, we can degenerate formula (A.21) into the
following two hypergeometric identities for F :
F (3α, 2α; 3α+ 1/2; 3/4) =
24αΓ(α+ 1/6)Γ(α+ 5/6)√
3Γ(α + 1/3)Γ(α+ 2/3)
, (A.22)
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F (3α, 2α; 2α+ 1/2; 1/4) =
24α+1
√
piΓ(2α+ 1/2)
33α+1/2Γ(α + 1/3)Γ(α+ 2/3)
. (A.23)
Here, we assume that α /∈ {−3/2,−5/2,−7/2, · · · } in formula (A.22), because we
have extended F (a, b; c; x) as (4.1). Formulae (A.22) and (A.23) are equivalent to the
above case of formula (1,3,3-1)(xix) and formula (1,3,3-1)(xii), respectively. Hence,
we can regard (A.21) as a fusion of hypergeometric identities for the hypergeometric
series (1,3,3-1)(xix) and (1,3,3-1)(xii), while we are not able to obtain the case below
of formula (1,3,3-1)(xix) from equation (A.20) or formula (A.21).
In a similar manner, we can make use of our method for Appell series F2, F3,
F4 and Lauricella series FA, FB, FC , FD. We have never investigated hypergeo-
metric identities for Appell-Lauricella series, whereas we have advanced the study
of those for generalized hypergeometric series so far. This reason is due to the
difficulty in applying previously known methods to the former series directly. How-
ever, our method can be applied to Appell-Lauricella series as well as generalized
hypergeometric series. The author feels worthy enough to launch the study of hy-
pergeometric identities for Appell-Lauricella series from the point of view of fusions
(or generalizations) of those identities for the hypergeometric series.
References
[AAR] G.E.Andrews, R.Askey and R.Roy, Special functions, Cambridge University
Press, Ca’mbridge, 1999.
[And] G.E.Andrews, Applications of basic hypergeometric functions, SIAM Review,
161974, no. 4, 441–484.
[AZ] M.Apagodu and D.Zeilberger, Searching for strange hypergeometric identities
by Sheer Brute Force, Integers, 8 (2008), A36, 6 pp.
[Ba] W.N.Bailey, Generalized hypergeometric series, Cambridge Mathematical
Tract No. 32, Cambridge University Press, (1935).
[Eb1] A.Ebisu, Three term relations for the hypergeometric series, Funkcial. Ekvac.,
55(2012), no. 2, 255–283.
[Eb2] A.Ebisu, On a strange evaluation of the hypergeometric series by Gosper,
Ramanujan J., 32(2013) no. 1, 101–108.
[Ek] S.B.Ekhad, Forty “strange” computer-discovered[and computer-proved(of
course)] hypergeometric series evaluations, The Personal Journal of Ekhad
and Zeilberger,
http://www.math.rutgers.edu/~zeilberg/mamarim/mamarimhtml/strange.html,
(2004).
[Erd] A.Erde´lyi (editor), Higher transcendental functions Vol.1, McGraw-Hill,
(1953).
98
[Eu] L.Euler, Institutiones calculi differentialis cum eius usu in analysi finito-
rum ac doctrina serierum, typographeo petri galeatii, 1755: available at
http://www.math.dartmouth.edu/~euler/docs/originals/E212sec2ch4.pdf.
[Ga] C.F.Gauss, Disquisitiones generales circa seriem infinitam, Comm. Soc. Reg
Go¨tt. II, Werke, 3, 123–162, (1812).
[Ge] I.Gessel, Finding Identities with the WZ Method, J.Symbolic Computation,
20(1995), 537–566.
[Gos] R.W.Gosper, A letter to D. Stanton, XEROX Palo Alto Research Center, 21
December 1977.
[Goul] H.W.Gould, Combinatorial identities, Morgantown, West Virginia, 1972.
[Gour] E´.Goursat, Sur l’e´quation diffe´rentielle line´aire, qui admet pour inte´grale la
se´rie hyperge´ome´trique, Ann. Sci. E´cole Norm. Sup. (2) 10(1881), 3–142.
[GS] I.Gessel and D.Stanton, Strange evaluations of hypergeometric series, SIAM
J. Math. Anal., 13(1982), no. 2, 295–308.
[IKSY] K.Iwasaki, H.Kimura, S.Shimomura and M.Yoshida, From Gauss to
Painleve´ —A modern theory of special functions, Vieweg Verlag, Wies-
baden(1991).
[Ka] P.W.Karlsson, On two hypergeometric summation formulas conjectured by
Gosper, Simon Stevin 60 (1986), no. 4, 329–337.
[Ko] W.Koepf, Hypergeometric summation —An algorithmic approach to sum-
mation and special function identities, Second edition , Universitext,
Springer(2014).
[PWZ] M.Petkovsˇek, H.Wilf and D.Zeilberger, A=B, A.K.Peters, Wellesley(1996).
[Sl] L.J.Slater, Generalized hypergeometric functions, Cambridge University Press,
Cambridge(1966).
[Ta1] N.Takayama, Gro¨bner basis for rings of differential operators and applications,
in Gro¨bner bases: Statistics and software systems, 279–344, Springer(2013).
[Ta2] N.Takayama, Gro¨bner basis and the problem of contiguous relations, Japan J.
Appl. Math. 6(1989), no. 1, 147–160.
[V] R.Vidunas, Algebraic transformations of Gauss hypergeometric functions,
Funkcial. Ekvac., 52(2009), no. 2, 139–180.
Akihito Ebisu
Department of Mathematics
Hokkaido University
Kita 10, Nishi 8, Kita-ku, Sapporo, 060-0810
Japan
a-ebisu@math.sci.hokudai.ac.jp
99
